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This study presents a systematic approach to specifying data objects with the 
help of initial algebras. The primary aim is to describe the set-up to be found in 
modern functional programming languages such as Haskell and ML, although it 
can also be applied to more general situations. 

The 'initial algebra semantics' philosophy has been propagated by the ADJ group 
consisting of J. A. Goguen, J.W. Thatcher, E.G. Wagner and J.B. Wright, for 
example in [6], and is now well-established. The approach presented here can 
be seen as pushing this philosophy a stage further and consists of taking the 
following four steps. 

(1) Data types are specified by a signature and the 'fully-defined' data objects 
are then described by the carrier sets in an initial algebra. 

(2) The initial algebra is extended to include 'undefined' and 'partially defined' 
data objects, leading to what is known as a bottomed algebra. The correct 
bottomed algebra depends on the language being considered. However, it 
can always be defined to be an initial object in a class of bottomed algebras 
determined by a simple structure which we call a head type. This set-up 
can deal with both lazy and strict languages as well as anything in between. 

(3) The third step is based on the observation that there is a unique family 
of partial orders defined on the carrier sets of the initial bottomed algebra 
such that each partial order can reasonably be interpreted as meaning 'being 
less-defined than'. This leads to what are called ordered algebras; these have 
partially ordered carrier sets and monotone operators. The initial bottomed 
algebra turns out to also be an initial object in an appropriate class of 
ordered algebras. 

(4) The final step involves what is called the initial (or ideal) completion of a 
partially ordered set. This is used to complete the ordered algebra to end up 
with a continuous algebra having complete partially ordered carrier sets and 
continuous operators. The resulting continuous algebra is again an initial 
object in the appropriate class of continuous algebras. 

The bottomed, ordered and continuous algebras which occur here are uniquely 
determined up to isomorphism by the signature and the head type, both of which 
are essentially finite structures in any practical case. 

The account includes a treatment of polymorphism, although to simplify things 
the approach is a bit more restrictive than that to be found in languages such as 
Haskell or ML. Moreover, the polymorphic types here do not involve functional 
types, which means that data types such as lists whose components are functions 
are not allowed. 

I have tried to keep the account self-contained, and have thus included all the 
standard results (together with their proofs) which are needed from universal 
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algebra and the theory of partially ordered sets. It is not assumed that the 
reader knows anything about functional programming, but some experience of 
this topic would, of course, not be amiss. 

This account is an expanded version of part of Computing with Equations |14j . 
some notes I wrote about the semantics of functional programming languages. 



Chris Preston 
Bielefeld 
March 2003 
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Chapter 1 
Introduction 



In all modern functional programming languages the programmer can introduce 

new data types by what amounts to specifying a signature. Consider the following 
simple example of how a signature can be represented in most such languages: 

nat ::= Zero | Succ nat 

pair ::= Pair nat nat 

list ::= Nil | Cons nat list 

This declares three new types with the names nat, pair and list together with 
five operator names Zero, Succ, Pair, Nil and Cons, each with its functionality 
(i.e., how many arguments it takes, the type of each argument and the type of the 
result, for instance Cons takes two arguments, the first of type nat, the second 
of type list, with list the type of the result). 

Now the reason for giving a signature is because there is then a corresponding 
class of algebras. In the example an algebra is any collection of three sets Xnat, 
Xpair and Xiist together with five mappings pzero : I ^nat, Psucc : -'^nat ^ -'^nat, 

PPair • ^nat X Xnat ^pairj PnH '■ I ~^ ^list Slid Pcons • ^nat X Xnst ^list; 

where I is a set with one element (arising as an empty product) and where it 
should be clear how the domain and codomain of each mapping is determined by 
the functionality laid down in the signature. Such an algebra will be denoted for 
short just by {X,p). 

Each algebra can be regarded as a reahzation of the signature. The sets Xnat, 
Xpair and Xiist are respectively sets of data objects for the types nat, pair and 
list, the mappings pzero and define constants (namely the single elements in 
their images) and the mappings psucc, Ppair and pcons construct new data objects 
out of objects which have already been defined. 

The problem is now to decide which algebra should be considered as the 'correct' 
realization of the signature. Of course, in the example the names nat, pair 
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and list suggest perhaps singling out the algebra with Xnat = N, Xpair = 
and Xiist = N* (the set of all lists of elements from N) and with pzeroi^) = 0, 
Psucc{n) = n + 1, ppairim^n) = {m,n), p^±x{e) = e and pcons(?^, s) = n<s, where e 
denotes both the single element in I and the empty list, and ?t,<s is the operation 
of adding the element n to the beginning of the list s. But there are clearly many 
other algebras which look nothing like this particular choice, for instance with 
each occurrence of N replaced by M, or with each of the sets Xnat, Xpair and 
Xiist consisting of just a single element. 

However, there is really only one natural choice for the 'correct' realization and 
this is to take a so-called initial algebra. An algebra (X, p) is initial if for each 
algebra (X',p') there is a unique homomorphism from (X, p) to (X',p'), where 
a homomorphism is a structure-preserving family of mappings. In the example 
it would consist of three mappings vr^at : X^at ^ X;^^^, VTpair : Xpair ^ Xp^^^ 
and VTiist : Xiist -^dst satisfying five equations, one for each of the operator 
names with, for instance, the equation for Cons requiring that 

'''"list (PCons(^? 

should hold for all x G Xnat, s G Xnst. 

It turns out that an initial algebra exists for each signature (and the algebra 
singled out above is initial). Moreover, any two initial algebras are isomorphic 
and so an initial algebra is uniquely determined, up to isomorphism, by the 
signature. Furthermore, there is an explicit class of initial algebras, the term 
algebras, which are used in all functional programming languages to represent 
data objects. In a term algebra (£", □) the elements in the sets E^, are terms (or 
expressions), usually written in prefix form. For instance, in the example Zero 
and Succ Succ Zero are elements of -Enat, Pair Succ Zero Zero an element of 
impair and Nil and Cons Zero Cons Succ Zero Nil elements of -Eiist- (If the 
reader prefers to use braces to increase the legibility then the terms above with 
more then one element become Succ (Succ Zero), Pair (Succ Zero) Zero and 
Cons Zero (Cons (Succ Zero) Nil).) 

Now since term algebras are initial, there is a unique isomorphism from a term 
algebra {E, □) to any other initial algebra, and in particular to an initial algebra 
(X, p) being used as the 'correct' realization of the signature. This means that 
each data object then has a unique representation as a term; for instance, in the 
algebra singled out above, the data object 3 G N = Xnat is uniquely represented 
by the term Succ Succ Succ Zero G -Enat- The results about algebras, and in 
particular about initial algebras, which are needed to make all this precise are 
developed in Chapter [21 

The process outlined above is, however, only the first of several steps which are 
required to completely specify the data objects, and we now consider the second 
step. In any programming language data objects are manipulated by algorithms. 
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and in any non-trivial language it is an unavoidable fact that algorithms need not 
terminate. It is thus necessary to introduce an 'undefined' element for each type 
in order to represent this state of affairs. Moreover, depending on the language, 
it may also be necessary to have 'partially defined' data objects, for example an 
element of type pair in which the first component of a pair is defined but not the 
second, or an element of type list in which only some of the components in a 
list are defined. To deal with this situation bottomed algebras will be introduced. 
These are algebras containing for each type a special bottom element to denote 
an 'undefined' element of the type. (The bottom element will always be denoted 
by the symbol _L, usually with a subscript to indicate which type is involved.) 

The simplest way to obtain a bottomed algebra is to start with an ordinary 
algebra {X,p), add an 'undefined' element -Lb to Xj, for each type b, and then 
extend each operator so that it produces an 'undefined' value as soon as one of 
its arguments is 'undefined'. This bottomed algebra is called the fiat bottomed 
extension of {X,p), and by definition it does not contain any 'partially defined' 
objects. 

The other extreme is an initial bottomed algebra, where a bottomed algebra 
{X,p) is initial if for each bottomed algebra {X',p') there is a unique bottomed 
homomorphism from {X,p) to {X',p'), and where a bottomed homomorphism 
is a homomorphism which maps bottom elements to bottom elements. As with 
ordinary algebras, there exist initial bottomed algebras and they are unique up 
to isomorphism. Moreover, in some sense they contain all possible 'partially 
defined' objects. One way to obtain an initial bottomed algebra IS cLS cL term 
algebra with the bottom elements added as constant terms. For the example 
this means that an initial bottomed algebra is given by the term algebra for the 
extended signature represented by 



The 'correct' choice of a bottomed algebra depends on the application in hand. 
The semantics of most modern functional programming languages (such as ML 
or Haskell) require an initial bottomed algebra, whereas for a language such as 
Lisp the fiat bottomed extension is the appropriate choice. 

In Chapter [3] we develop a framework for dealing with bottomed algebras. There 
is a condition, called regularity, which plays an important role here, and requires 
that each element in the set Xi, \ {J-b} have a unique representation of the form 
Pk{xi, . . . ,Xn)- In particular, regularity is needed in order to define the 'pattern 
matching' and 'case' operators which occur in all typed functional programming 
languages. We introduce the concept of a head type to deal with the various 
kinds of bottomed algebras which could arise when specifying the semantics of 
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a programming language. To each head type there is a corresponding class of 
bottomed algebras and this class possesses an initial element which is regular 
and is, as usual, unique up to isomorphism. This means that such an initial 
algebra is essentially uniquely determined by the signature and the head type. 
Moreover, the head types arising in practice are finite structures. This set-up 
includes both fiat bottomed extensions and initial bottomed algebras as special 
cases. 

The third step in our programme of completely specifying data objects arises 
from the observation that if {X,p) is a regular bottomed algebra then for each 
type b there is a unique partial order on the set such that x x' can 
reasonably be interpreted as meaning that x is less-defined than x'. In particular, 
this should mean that -Lb ^ x for each x & Xb and that each of the mappings pk 
be monotone (using the corresponding product order on the domain of pk)- 

These partial orders are essential when considering algorithms which manipulate 
data objects as dynamical systems. If an algorithm is designed to compute an 
element of type b then at each point of time there is an element of Xb which 
describes the present state of the computation. For any reasonable algorithm this 
state will be monotone as a function of time and should converge in some sense 
to the expected 'answer'. Now it is possible that an algorithm fails to terminate, 
not because it fails to produce an answer but because the answer is an infinite 
structure which cannot be computed completely in finite time. Typical examples 
here are algorithms which produce infinite lists, for instance a list consisting 
of all the prime numbers. In order to deal with this situation it is natural to 
complete the partially ordered set {Xb, ^b) for each type b to include all data 
objects which can arise as limits of finite computations. There is an appropriate 
completion which fits in with this interpretation and is called either the initial or 
the ideal completion of the partially ordered set. 

The existence of the partial orders and the completion of the partially ordered 
sets are dealt with in Chapter [51 As preparation for this some general results 
about partial orders are first presented in Chapter |H 

There is an important aspect of specifying data objects which has not yet been 
discussed, and this is polymorphism. In the signature being used as an example 
there is a type list for lists having components of type nat. Now if lists having 
components of, say, type pair need to be implemented then the signature would 
have to be extended by adding a new type, say listp, together with two new 
operator names, say Nilp and Consp, whose functionalities are given by 

listp ::= Nilp | Consp pair listp 

Moreover, the signature has to be extended in essentially the same way with 
a new list type and two new operator names for each type for which lists are 
required. This is clearly not very satisfactory. What is needed is the possibility 
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of defining once and for all lists of an arbitrary type, and this is a feature of 
all modern functional programming languages. Our example signature could, for 
instance, be replaced by something like the following: 

nat ::= Zero | Succ nat 

pair a b ::= Pair a b 

list c ::= Nil | Cons c (list c) 

The names a, b and c are called type variables and each can by replaced by a 
type to obtain a compound type. For example, there are the compound types 
pair nat nat and list nat corresponding to the types pair and list in the 
original signature. Arbitrarily complicated compound types can be generated, for 
example pair (list (list nat)) (pair nat nat), which is a type whose objects 
are pairs with first component a list whose components are lists with components 
of type nat, and with second component a pair with both components of type nat. 
Signatures involving type variables and the corresponding algebras are treated in 
Chapter [61 

In order to give a foretaste of one of the main results in Chapter [2] and to make 
some of the concepts introduced above a bit more precise we end the Introduction 
by considering the following very simple signature 

nat ::= Zero | Succ nat 

In this case an algebra consists of just a set Xnat together with two mappings 
Pzero '■ I Xna.t and Psucc '■ -^nat -^nat, and is Called a natural number algebra. 
It is convenient to represent such an algebra in the form {Xj,s.t,PEii{£),Pcoiis), thus 
natural number algebras are exactly triples {X, e, p) consisting of a non-empty set 
X, an element e G X and a mapping p : X ^ X. Of course, one such algebra is 
(M, 0, s), where s(n) = n+1 for each n G N (and hence the name natural number 
algebra). It can now be asked what is special about the algebra (N, 0, s). 

To answer this question homomorphisms must be considered: If {X,e,p) and 
{X', e',p') are natural number algebras then a homomorphism is here a mapping 
TT : X — > X' such that 7r(e) = e' and p' o n = nop (i.e., p'{it{x)) = it{p{x)) 
for all X G X). Such a homomorphism vr is an isomorphism (i.e., there exists a 
homomorphism vr' from (X', e',p') to (X, e,p) with ttott' = idx' and tt'ott = idx) 
if and only if vr is a bijection, and then vr' is just the set-theoretic inverse vr"^ of 
TT. In this case (X, e,p) are {X',e',p') said to be isomorphic. 

The identity mapping is clearly a homomorphism and the composition of two 
homomorphisms is again a homomorphism; being isomorphic thus defines an 
equivalence relation on the class of all natural number algebras. Therefore if the 
equivalence class containing (N, 0, s) can be identified in some reasonable way then 
the question asked above can be considered to have been answered satisfactorily. 
Two simple characterisations of this equivalence class are given below. 
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In the same way as before, a natural number algebra (X, e, p) is said to be initial 
if for each such algebra {X', e',p') there is a unique homomorphism from (X, e,p) 
to {X',e',p'). Then in particular (N, 0,s) is initial, since given {X',e',p'), a 
homomorphism from (N, 0,s) to {X',e',p') can be defined by induction, and its 
uniqueness also follows by induction. It follows that an algebra is isomorphic to 
(N, 0, s) if and only if it is initial. In other words, the equivalence class containing 
(N, 0, s) consists of exactly all the initial natural number algebras. This was the 
first characterisation. 

Here is the second characterisation: A natural number algebra {X,e,p) will be 
called a Peano triple if the following three conditions are satisfied: 

(1) The mapping p is injective. 

(2) p{x) ^ e for all x e X. 

(3) The only subset X' of X containing e with p{x) G X' for all x G X' is the 
set X itself. 

Then (N, 0, s) is a Peano triple. (This is one of the possible formulations of the 
Peano axioms. In particular, the statement that (N, 0,s) satisfies (3) is nothing 
but the principle of mathematical induction.) The reader is left to show that an 
algebra is isomorphic to (N, 0, s) if and only if it is itself a Peano triple. In other 
words, the equivalence class containing (N, 0,s) also consists of exactly all the 
Peano triples. 

Of course, a corollary of these two characterisations is that a natural number 
algebra is initial if and only if it is a Peano triple. This is a special case of an 
important result presented in Section 12.41 which states that an algebra is initial if 
and only if (in the terminology employed there) it is unambiguous and minimal. 
For a general algebra unambiguity corresponds to conditions (1) and (2) in the 
definition of a Peano triple, while minimality corresponds to condition (3). This 
characterisation is sometimes expressed by saying that initial algebras are exactly 
those for which there is no confusion (unambiguity) and no junk (minimality). 
The analysis of natural number algebras given here is essentially that to be found 
in Dedekind's book Was sind und was sollen die Zahlen? first published in 1888. 



Chapter 2 

Some universal algebra 



The material presented in this chapter is all part of standard universal algebra. 
The classical field of universal algebra deals with the case of signatures having 
a single type, and so the only information required about each operator name is 
the number of arguments it takes. In this form the main problems were stated 
in Whitehead [17] and solved in Birkhoff [Ij; standard texts are Cohn and 
Gratzer [8]. The generalisation of the theory to multi-sorted algebras (i.e., to the 
algebras as they occur here) was made by Higgins [9] and Birkhoff and Lipson [3]. 
Birkhoff and Lipson (who speak of heterogeneous algebras) showed that essentially 
the whole of the classical theory carries over to the more general case. 

Some of the first uses of multi-sorted algebras in computer science can be found 
in Maibaum [12] and Morris [TB]. Their systematic use has been propagated 
by the ADJ group consisting of J. A. Goguen, J.W. Thatcher, E.G. Wagner and 
J.B. Wright, for example in the papers Goguen, Thatcher, Wagner and Wright 
[6] and Goguen, Thatcher and Wagner [7]. The emphasis here is very much on 
initial algebras in their various forms. The choice of material in this chapter 
is determined entirely by what will be needed later. The reader interested in 
a more balanced account of modern universal algebra should consult the books 
mentioned above. 

2.1 Sets of various kinds 

Before beginning in the next section with universal algebra proper the simple 
notions of a typing and of a bottomed set will be introduced here. Moreover, at 
the end of the section we say something about initial objects. 

The first task, however, is to fix some notation. The empty set will be denoted 
by and the set {0} by I; thus I is the 'standard' set containing exactly one 
element. However, to avoid confusion the single element in I will be denoted by 
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e (rather than by 0). The set {T, F} of boolean values will be denoted by B. 
The set N of natural numbers is the set {0, 1,2,...} (so is considered to be a 
natural number). For each n G N let [n] = {1, 2, . . . , n}; in particular [0] = 0. 

The words function and mapping are considered to be synonyms. Let / : X — >• F 
be a mapping; then X is called the domain of / and will be denoted by dom(/) 
and Y is called the codomain. For each A <Z X put 

f{A) = {y : y = f{x) for some x e A} 

and for each 5 C F put f-\B) = {x e X : f{x) e B}. The subset /(X) of the 
codomain Y is called the image of / and will be denoted by ^{f). li f : X ^Y 
is a mapping and A (Z X then f\A will be used to denote the restriction of / to 
A, thus f\A '■ A ^ Y is the mapping given by f\A{x) — f{x) for all x E A. If 
f : X ^ Y and g : Y ^ Z are mappings then their composition will be denoted 
by gi o /, i.e., g o f : X ^ Z is the mapping defined by {g o f){x) = g{f{x)) for 
all X e X. 

If X and Y are sets then Y^ will be used to denote the set of all mappings from 
X to Y. In particular, Y'^ — I for each set F. li a : X ^ Y and J is a further 
set then a'^ will be used to denote the induced mapping from X"^ to Y"^ defined 
by a'^{v) — aoviorallve X"^ . 

Let 5* be a set and C be some class of objects (such as the class of all sets). Then 
by an S-family of objects from C is just meant a mapping a : S ^ C. Such a 
family is said to be finite if the set S is finite. The usual convention for families 
will be followed in that the value of a apphed to the argument s will be denoted 
by as rather than by a{s). li a : S ^ C is an (S'-family and A G S then the 
restriction of a to A will be denoted (as for mappings) by a\A, thus a\A : A ^ C 
is the A-family with {a\A.)a = <^a ioi all a E A. 

It is useful to introduce some special notation for families of sets, i.e., for families 
X : S ^ Sets with Sets the class of all sets. If X and Y are ^'-families of sets 
then Y C X will mean that Yg C Xg for each s E S. This will also be indicated 
by saying that X contains Y or that Y is contained in X. Moreover, X HY and 
XUY are the S'-families of sets defined component-wise, i.e., (X fl Y)s = XgdYg 
and {XUY)s = XgUYg for each s e S, and will be used to denote the S'-family 
of sets with 0^ = for each s G S. 

If X is a finite S-family of sets then ^X will be used to denote the cartesian 
product of the sets in the family X: This is defined to be the set of all mappings 
V : S Uses -^^ ^^^^ ^^^^ '^(*) ^ for each s E S. (Of course, this definition 
makes sense when S is infinite, but we will only need finite products.) Note that 
(g)X = I if 5" = 0; moreover, if y C X then <SiY can clearly be regarded as a 
subset of ®X. 

Let n eN and for each j = 1, . . . , n let Xj be a set; then there is the [n]-family 
X and thus the cartesian product ®X. This set will of course be denoted by 
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Xi X ■ ■ ■ X Xn', it is the set of all mappings g from [n] to IJj=i -^j such that 
G Xj for each j. In particular, if n = then Xi x ■ ■ ■ x X„ = I. For each j 
let Xj e then as usual {xi, . . . , Xn) denotes the the element of Xi x • • • x X„ 
such that g{j) = Xj for each j; each element of Xi x • • • x X„ has a unique 
representation of this form. 

The simplest case of a cartesian product is when the sets Xi, . . . , X„ are all the 

same: Let X be a set; then for each n G N the n-fold cartesian product of X 
with itself will be denoted by X", thus X" is the set of all mappings from [n] to 
X. In particular, X" = I; moreover, it is convenient to identify X^ with X in the 
obvious way. 

For each set X the set Un>o^" ^^^^ denoted by X*, which should be thought 
of as the set of all finite lists of elements from X. Note that since X^ is being 
identified with X, it follows that X is a subset of X*. (In other words, each 
element a; of X is identified with the list whose single component is equal to x.) 
If m > 1 then the element {xi, . . . ,Xm) of X*" C X* will always be denoted 
simply by xi ■ ■ - Xm- 
If S* is a set then by an S'-family of mappings is meant a mapping : S* — Maps 
with Maps the class of all mappings between sets. Let tp : S ^ Maps be such an 
S'-family of mappings. Then for each s & S there exist sets Xg and Yg such that 
</7s : Xg — > Yg and in this case we write (/? : X — > y. More precisely, the statement 
that (/? : X ^ y is an S'-family of mappings means that X and Y are S-families 
of sets and (/? is an S-family of mappings with (fg : Xg ^ Yg for each s G S. If Z 
is a further S-family of sets and ip : Y ^ Z a. further S-family of mappings then 
the S-family of composed mappings will be denoted hy ipoip, thus ipoip : X ^ Z 
is the S-family of mappings with {ip o (f)g — ipg o (fg for each s G S. 

Now let S be a finite set, X and Y be S-famihes of sets and </? : X — > y be an 
S-family of mappings. Then there is a mapping <^(f : <S)X — > <S)Y defined by 

®ip{v){s) = ipg{v{s)) 

for each v G ®X, s G S. Let n G N and for each j = 1, .... n let ipj : Xj Yj 
be a mapping; then ^ip is just the mapping from Xi x • • • x X„ to yi x • • • x 
defined for each {xi, . . . , Xn) G Xi x • • • x X„ by 



<^cp{xi, . . . , X„) = {(Pl{xi), iPn{Xn)) 
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Lemma 2.1.1 Let S be a finite set. 

(1) Let X he an S -family of sets and id : X ^ X be the S -family of identity 
mappings (i.e., with id^ : Xg ^ Xg the identity mapping for each s & S). Then 

®id : (8>X — ^X is also the identity mapping. 

(2) Let X , Y and Z he S -families of sets and let ip : X —>■ Y and ip : Y —> Z be 
S -families of mappings. Then ^{ip o ip) = ^ip o ^ip. 

(3) Let X and Y he S -families of sets and let ip : X ^ Y he an S -family of 
mappings. If the mapping ips '■ ^ Ys is injective (resp. surjective) for each 
s & S then the mapping ®(p : <®X <®Y is also injective (resp. surjective). In 
particular, if (ps : Xg ^ Yg is a hijection for each s & S then the mapping ®ip 
is a hijection, and in this case [®ip)~'^ = ®(p~^, where (f"^ is the S-family of 
mappings with {(p~^)s — {^s)~^ for each s & S. 

Proof (1) This is clear. 

(2) Let V e ®X and s e S; then 

= 'iljs{<®(p{v)){s) = ®'ilj{<®ip{v)){s) = {^i/j o ®ip){v){s) 

i.e., ®{ip o ip) = ®ip o 

(3) If (ps is injective for each s then there is an S'-family of mappings ip : Y ^ X 
such that ips o (ps is the identity mapping on Xg for each s G S*. Then by (1) 
<®{iIj o ip) is the identity mapping on (S)X and by (2) ®tp o (^ip = ®(^il> o ip). Hence 
<®(p is injective. The other case is almost identical: If (ps is surjective for each s 
then there exists an S'-family of mappings ip : Y ^ X such that Lps o ipg is the 
identity mapping on Yg for each s G S, and as in the first part it then follows 
that ®(p o ®ip is the identity mapping on ®Y. Finally, if (ps is a bijection for 
each s & S then iSxf"^ o (S)(f is the identity mapping on ®X and ®9? o ®ip~^ is 
the identity mapping on <®Y, and thus {<®(p)~^ — (8)</?~^. □ 

We now come to the notion of a typing. This takes into account the situation 
met with in most modern programming languages in which each name occurring 
in a program is assigned, either explicitly or implicitly, a type. The kind of object 
a name can refer to is then determined by its type. If S is a set then a mapping 
7 : / ^ S* will be called an S -typing. The set S should here be thought of as a set 
of 'types', / as a set of 'names' and 7 as specifying the type of objects to which 
the 'names' can be assigned. If the set / is finite then 7 is called a finite S-typing 
and the class of all finite S-typings will be denoted by T{S). In accordance with 
our previous notation the unique S-typing 7 with dom(7) = will be denoted 
by e. Note that there is an obvious one-to-one correspondence between I- typings 
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and sets, since for each set / there is a unique mapping from / to I. In particular, 
T(I) can be considered as the class FSets of all finite sets. 

If 7 : J ^ S* is an S'-typing then the pair (/, 7) will be referred to as an S -typed 
set. Of course, there is no real difference between ^'-typings and 5'-typed sets. We 
will work mainly with ^'-typings because this tends to result in simpler notation. 

Let a : S* — > C be an ^'-family and 7 : / S* be an ^'-typing. Then there is an 
/-family 0:07 : 7 — > C, (which means that (a 07)^ = Q;-y(^) for each r] E I). If X is 
an ^'-family of sets and 7 : 7 — > 5" a finite S'-typing then the product <Si{Xo^) will 
be denoted by X'^; thus X'^ is the set of all typed mappings from I to |Jr;e/ -^liv)^ 
i.e., the set of mappings v : I ^ Ur/e/ -^liv) such that v{ri) G X^(_ri) for each 77 G /. 
The elements of X"' are called assignments . An assignment v G X'^ thus assigns 
to each 'name' rj & I an element v{ri) G X^(^^) of the appropriate type. Note that 
X^ — I; moreover, HY C X then can clearly be regarded as a subset of X'^. 

The elements of S* will be considered as finite ^-typings (and so S* will be 
regarded as a subset of T{S)): The list Si • • - s^ is identified with the mapping 
from [n] to S which assigns to each j the type Sj. (The list e with no components 
is then the S'-typing e.) Let Xs be a family of sets and a = Si ■ ■ ■ s„ G S*; then, 
considering a as an S-typed set, X" = Fi x • • • x 1^ with Yj = Xsj for each j, 
which leads to the usual notation Xg^^ x • • • x Xg^ for the set X"'. 

Lemma 2.1.2 Let X, Y and Z he S -families of sets and let (f : X ^ Y and 
ip : Y ^ Z be S-families of mappings. Then {ip o (f) o ^ — (^0 o 7) o ((/? o 7) for 
each S-typing 7. 

Proof This holds since for each rj G dom(7) 

((^^0(^)07)^ = {'il^°V)'y{v) = ^l{ri)°Vl{r]) = {'il^°l)r,o{VOl)v = " ° 

Now let X and Y be S-famihes of sets and let (/? : X — > y be an S-family of 
mappings. Then for each finite S-typing 7 the mapping <S>{(po^) will denoted by 
(p'^. Thus (f'^ : X^ Y'^ is the mapping given by 

for each v G X"', rj G dom(7). Note that if a = Si ■ • ■ s„ G S* then Lp"' is just the 
mapping from X^ = Xg^ x • • • x Xg^ to Y'^ = Yg-^ x ■■■ x Yg^ given by 

ip''(xi,...,Xn) = (ipg,(xi),...,ipg^(Xn)) 

for each {xi, ...,Xn) e Xg^ x ■■■ x Xg^. 
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Lemma 2.1.3 (1) Let X be an S-family of sets and id : X X the S-family 
of identity mappings. Then [(P : X'^ — > X'^ is also the identity mapping for each 
finite S -typing 7. 

(2) Let X , Y and Z he S-families of sets and let (f : X ^ Y and ip : Y Z be 
S -families of mappings. Then {ip o {p)"i = ip'^ o (p'^ for each finite S -typing 7. 

(3) Let X and Y be S-families of sets and let (f : X ^ Y be an S-family of 
mappings. If the mapping ips : Xg Ys is injective (resp. surjective) for each 
s G S* then for each finite S -typing 7 the mapping ip'^ : X"^ Y'^ is also injective 
(resp. surjective). In particular, if ips '■ Xg ^ Yg is a bijection for each s G S" 
then the mapping pP' is a bijection, and in this case (v^'^)"^ = (v^""^)'^. 

Proof (1) is clear; moreover, by Lemma [2. 1.11 (2) and Lemma [2. 1.21 

(■l/; o p)^ = o (y?) o 7) = o 7) o o 7)) = o 7) o 0((p o '-)) = ip'^ o ip^ 

which is (2), and (3) follows exactly as in Lemma [2.1.11 (3). □ 

The notion of a C-typing still makes sense when C is a class. In particular, T(C) 
will be used to denote the class of all finite C-typings. Note, however, that a 
C-typing 7 : / — ^ C is exactly an /-family of objects from C, and so T[C) is also 
the class of all finite families of objects from C. 

We now come to the second simple notion, that of a bottomed set, which will 
play an important role. A bottomed set is a pair (X, ±) consisting of a set X 
and a distinguished bottom element _L G X. The bottom element _L should be 
thought of as representing an 'undefined' or 'completely unknown' value which, 
if it were to be 'more defined' or 'become more known', would take on the value 
of one of the remaining elements of X. 

If (X, ±) and (X', U) are bottomed sets then by a mapping / : (X, 1) (X', U) 
is just meant a mapping / : X ^ X'. Such a mapping is said to be bottomed (or 
strict) if /(-L) = -L'. It should be noted, however, that the mappings between 
bottomed sets which will occur here are typically not bottomed. A bottomed 
mapping / : X — > X' will be called proper if /(x) 7^ _L' for all x G X \ {-L}. 

If (X, ±) and (X', U) are bottomed sets then (X, ±) C (X', U) will mean that 
X C X' and ± = ±'. 

If (X, ±) is a bottomed set then it is usual to write just X instead of (X, IS) and 
to assume that the bottom element _L can be inferred from the context. The set 
X will be referred to as the underlying set if it is necessary to distinguish it from 
the bottomed set X. If X is a bottomed set then the set X \ {±} will be denoted 

by xy 

Note that if X and X' are bottomed sets then X C X' means that X C X' (as 
sets) and that X and X' have a common bottom element. 
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Let X be a finite S'-family of bottomed sets witli ±s tlie bottom element of Xg 
for each s G 5. Then the product set (defined in terms of the S'-family 
of sets X) will be considered as a bottomed set by stipulating that its bottom 
element ± be the mapping given by _L(s) = _Ls for each s E S. A special case of 
this is when n > 2 and Xj is a bottomed set with bottom element _Lj for each 
j = 1, . . . , n; then the product Xi x ■ ■ ■ x X„ is considered as a bottomed set 
with bottom element . . . , J-n)- Note that this definition implies in particular 
that I is considered to be a bottomed set (with of course e as bottom element). 

If S is an arbitrary set, X an S'-family of bottomed sets and 7 a finite S'-typing 
then the bottomed set (8)(X o 7) will be denoted by X'^. Thus the bottomed set 
X'^ is just the set X'^ together with the bottom element ± given by ±(77) = -L7(,,) 
for each 77 e dom(7). 

Almost all the constructions to be made in these notes result in what are called 
initial objects and there is one trivial property of such objects which is worth 
noting, namely that if they exist in a given category then they are isomorphic. 
Isolating this fact here helps to avoid repeating the same kind of argument for 
each special case. Now since the concept of being initial involves a category, we 
must first say what this is: A category C consists of 

— a class of elements C called the objects of the category, 

— for each X, Y E C a. set Hom(X, Y) , whose elements are called morphisms 
with domain X and codomain Y , 

— for each X, F, Z e C a mapping (/, (7) ^gof from Hom(X, Y) x Hom(F, Z) 
to Hom(X, Z), 

such that the following two conditions hold: 

— (Associativity) If / G Hom(H^, X), g e Hom(X, Y) and h e Hom(y, Z) then 

{hog)o f ^ho{go f) . 

— (Identity) For each X E C there exists a morphism idx G Hom(X, X) such 
that / o idx = f and idx o g = g lor ah f e Hom(X, Y), g E Hom(F, X) 
and all Y eC. 

For each X E C the morphism idx is unique: If id^ E Hom(X, X) is a further 
morphism with this property then id^ = id^ o idx = idx ° id^ = idx- 

In the categories we will be dealing with the composition of morphisms o is always 
some kind of composition of mappings (or families of mappings) . This means that 
the associativity of o is a trivial consequence of the fact that the composition of 
mappings is associative. Similarly, the identity morphisms will always be identity 
mappings (or families of identity mappings), and so they will trivially satisfy the 
defining condition. 
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The simplest example of a category is the the category of sets, i.e., the category 
with C = Sets, with Hom(X, Y) the set of all mappings from X to F for each 
X, Y E C, and with o the usual composition of mappings. This category will be 
denoted (along with its objects) by Sets. 

A second example is the category of bottomed sets, i.e., the category with C the 
class of all bottomed sets, with Hom(X, Y) the set of all mappings from X to y 
for each X, Y E C, and again with o the usual composition of mappings. This 
category will be denoted (along with its objects) by BSets. 

Note that in both these categories there is a mapping (g) : T(C) C which gives 
the product of each finite family of objects. Moreover, if S is an arbitrary set, 
X an ^'-family of objects from C and 7 a finite 5*- typing then in both Sets and 
BSets the object ®{X o 7) is being denoted by X'^. 

Let C be a category; a morphism / G Hom(X, Y) is called an isomorphism if 
there exists a morphism g e Hom(F, X) such that g o f = idx and fog — idy. 
In this case the inverse g is uniquely determined by /. Objects X,YeC are 
said to be isomorphic if there exists an isomorphism / e Hom(X, Y). It is easy 
to see that being isomorphic defines an equivalence relation on the class C. 

An object X E C is said to be initial if for each object Y E C there exists a unique 
morphism f : X ^Y, i.e., if the set Hom(X, F) consists of a single element for 
each Y E C. In particular, it must then be the case that idx is the only element 
in }iom(X,X). Initial objects need not exist in a category C: For instance, they 
do not exist in the category BSets (since morphisms are not necessarily strict 
mappings). Moreover, they can exist but be rather trivial: In the category Sets 
the empty set is the only initial object. However, for the categories involving 
various kinds of algebras which we will be dealing with there are non-trivial initial 
objects, and the following result shows they are then unique up to isomorphism: 

Proposition 2.1.1 Initial objects X,YeC are isomorphic. Conversely, if X 
is an initial object and Y is isomorphic to X then Y is also initial. 

Proof Suppose first that X and Y are initial objects. In particular, idx is the 
only element in Hom(X, X) and idy is the only element in Hom(y, Y). Moreover, 
there exists a unique morphism f : X ^ Y and a unique morphism f lY ^ X. 
Thus g o f E Hom(X, X) and so g o f — idx, and in the same way fog — idy- 
Hence / is an isomorphism and X and Y are isomorphic. 

Conversely, let X e C be an initial object and Y be isomorphic to X. Since 

X and Y are isomorphic there exist morphisms f : X ^ Y, g : Y ^ X with 
g o f = idx and f o g = idy. Let Z E C; since X is initial there exists a (unique) 
morphism h : X ^ Z and then hog E Hom(F, Z). Consider hi, h2 E Hom(F, Z); 
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then hio g and g are both elements of Hom(X, Z) and hence hio g = g, 
since X is initial. It thus follows that 

hi = hio {g o f) = {hio g) o f = {h2 g) o f = {g o f) = h2 , 

which shows there exists a unique morphism in Hom(y, Z) for each object Z. □ 

The statement in Proposition 12.1.11 is an example of what Lang would refer to 
as 'abstract nonsense'. However, it should be borne in mind each time an initial 
object arises in what follows. Here is further piece of 'abstract nonsense' which 
will be applied a couple of times: 

Proposition 2.1.2 Let P be a property of the objects C satisfying the following 
three conditions: 

(1) There exists an object having property P. 

(2) Every object having property P is initial. 

(3) Any object isomorphic to an object having property P also has property P. 

Then each initial object has property P, and so having property P is equivalent 
to being initial. 

Proof Let X be an initial object; by (1) there exists an object Y having property 
P, and by (2) and Proposition 12 . 1 . 11 X and Y are isomorphic; thus by (3) X has 
property P. □ 

A category C is a subcategory of a category C if 

— the objects of C are a subclass of the objects of C, 

— for all objects X, Y of C the set of morphisms Hom'(X, Y) in C is a subset 
of the set of morphisms Hom(X, Y) in C, 

— the composition of morphisms in C is the restriction of the composition of 
morphisms in C. 

C is called a full subcategory of C if Hom'(X, Y) = Hom(X, Y) for all objects 
X, Y of C. Given C, such a full subcategory is determined by specifying a 
subclass of the objects of C. 

Let us emphasise that categories play a very superficial role here, and are needed 
simply to formalise what it means to be initial. Readers not familiar with this 
kind of stuff are recommended to look in Mac Lane and Birkhoff 's Algebra text 
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The structure which plays a fundamental role in all of what follows is that of an 
algebra associated with a signature. What is usually called a signature we will 
call an enumerated signature. This is a triple A = {B,K,Q), where B and K are 
non-empty sets and Q : K ^ B* x B is a mapping. The set B should here be 
thought of as a set of types, K can be regarded as a set of operator names, and 
for each k E K the pair Q{k) specifies the type of the domain and the codomain 
of the operator named hj k. U k G K with Q{k) = (61 ■ ■ ■ b) then we say that 
k has type bi ■ ■ - bn ^ b. 

If A = {B, K, 0) is an enumerated signature then a A-algebra is any pair {X,p) 
consisting of a S-family of sets X and a X-family of mappings p such that Pk is 
a mapping from Xh^ x • • • x X^^ to whenever k E K is of type 61 ■ ■ ■ 6„ ^ 6. 
For each b E B the set X5 should be thought of as a set of elements of type b and 
for each A; G -f^ the mapping pk can be thought of as the operator corresponding 
to the operator name k. 

A simple enumerated signature A = [B, K, 0) with a corresponding 'natural' 
A-algebra {X,p) are given in Example 2.2.1 on the following page. The usual 
way of representing such a signature is then illustrated in Example 2.2.2. 

Recall that T{B) denotes the class of all finite S-typings and that B* is considered 
to be a subset of T{B) in that a — bi •• - bn E B* is identified with the mapping 
from [n] to B which assigns j the type bj for each j = 1, . . . , n. Our definition 
of a signature is obtained by replacing B* with T{B) in the definition of an 
enumerated signature. This means that a signature is a triple A = (5, K, 0) 
consisting of non-empty sets B and K and a mapping Q : K ^ ^{B) x B. 

The two components of will be denoted by 0^ and 0<|, thus 0'^ : iiT — > T{B), 
: K ^ B, and 0(/c) = (0'^(/c), 0<](/c)) for each k e K. However, we almost 
always just write k^ instead of Q'^{k) and k^ instead of 0<,(fc). Moreover, for each 

k E K the set dom(A;'*) will be denoted by {k^), so k'^ : {k^) — > B and k'^r] will be 
used as an alternative notation for k'^{r]) for each 77 E {k'^)- 

If A = {B, K, 0) is a signature then a A-algebra is any pair {X,p) consisting of 
a 5-family of sets X and a /^-family of mappings p such that pk is a mapping 
from X'^" to Xk^ for each k E K. For enumerated signatures this gives the same 
definition as above, since il a — bi- ■ - bn E B* then X"^ — x • • • x X^,^ . 

The reason for working with the more general definition is that in the long run 
it turns out to be more natural. However, the reader not wanting to believe this 
can simply assume that all the signatures occurring are enumerated. In this case 
k^ is always an element 61 ■ ■ of B* and X^ should just be thought of as a 
compact way of denoting the product x • • • x X^^. Moreover, (A;'^) is then the 
set [n] and k^r] = b^ for each rj E [n]. 
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It is always possible to replace a general signature with an 'equivalent' enumerated 
signature. (This really just amounts to fixing an enumeration of the elements in 
the set {k'^) for each k E K.) 



Example 2.2.1 Int will always be used to denote the subset of the set 
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, — }* containing for each integer n its standard 
representation n as a string of characters. The mapping n ^ n thus 
maps Z bijectively onto Int . 

Define an enumerated signature A = {B,K,Q) by letting 

B — {bool, nat, int, pair, list}, 

K = {True, False, Zero, Succ, Pair, Nil, Cons} U Int , 
and with Q : K ^ B* x B defined by 

e(True) = 0(False) = (5, bool), 

9(Zero) = (£,nat), 9(Succ) = (nat, nat), 

G(Pair) = (int int, int), 

©(Nil) = {e, list), ©(Cons) = (int list, list), 
©(n) = (£, int) for each n E Z. 

This means that True and False are of type e bool. Zero is of type 
e nat, Succ of type nat — > nat. Pair of type int int pair. Nil of 
type s — > list. Cons of type int list — > list, and n is of type s — > int 
for each n e Z. 

Now define a A- algebra (X, p) with a i?-family of sets X and a AT-family 
of mappings p by letting 

A^bool — -I^) ^nat — N, A^int — Z, Ap^ir — Z^, Aiigt = Z*, 

PTrue : I ^bool with PTrue(£) = T, 

PFalse : I Abool with Pw^^lseis) = F, 

PZero : I ^nat with Pzeroi^) = 0, 

PSucc : Anat ^ A„at with Psucc('^) =11+1, 

p„ : I ^ Aint with Pni^) = 11 for each n G Z, 

Ppair : Aint X A^t ^ Apair with ppair(m,n) = (m,n), 

PNii : I Aiist with psii{£) = 

PCons ■ Aint X Aiist > Aiigt with Pcons 

(m, s) = m < s, 

where m < s is the element of Z* obtained by adding m to the beginning 
of the list s, i.e.. 




m nil - ■ ■ nin if s = mi ■ ■ ■ m„ with n > 1, 
m if s = £. 
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Example 2.2.2 An enumerated signature A = (B.K.Q) with B and 
K finite can (and in most functional programming languages will) be 
represented in a form similar to the following, where 6i, . . . , 6„ is some 
enumeration of the elements in the set B , kji, . . . , kjmj an enumeration 
of the elements of for each j and Q{kji) — {'jje, hj) for each I, j: 

bi ::= ku 711 | ■ ■ ■ | kim, 'jimi 

62 ::= k2l 721 I • • • I k2m2 I2m2 
■■ ^nl Tnl | ' ' ' I ^nrrin ^nrrin 

The enumerated signature A = {B,K,Q) introduced in Example 2.2.1 
can thus be represented in the form 

bool ::= True | False 

nat ::= Zero | Succ nat 

int ::=■■■ -2 | - 1 | | 1 | 2 • • • 

pair ::= Pair int int 

list ::= Nil | Cons int list 
Of course, there is a problem here with the type int, since Xint is infinite, 
but in all real programming languages this type is 'built-in' and so it 
does not need to be included in the part of the signature specified by the 
programmer. 



For the remainder of the chapter let A = (S, i^, 6) be a signature. For each h & B 
put Ki, — {k&K:k^ — h). The sets Xf,, b E B, thus form a partition of the set 
K. (For instance, in the signature A in Example 2.2.1 i^booi = {True, False}, 
-f^nat = {Zero, Succ}, ATint = Int, K^b^it = {Pair} and K^st = {Nil, Cons}.) 

The next task is to explain what are the structure-preserving mappings between 
algebras. Let {X,p) and {Y,q) be A-algebras and let tt : A — "K be a i?-family 
of mappings, i.e., Tib : Xh ^ for each b E B. Then the family n is called a 
homomorphism from (A, p) to {¥, q) if 

Qk O T^''" = TTfc^ O p^ 

for each k E K. This fact will also be expressed by saying that tt : (A,p) —>■ (Y, q) 
is a homomorphism. 

If A is enumerated then n : (A, p) — > [Y, q) being a homomorphism means that 
if A; e X is of type bi- ■ - bn ^ b then 
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must hold for all (xi, . . . , Xn) G Xf,-^ x ■ ■ ■ x Xb„, this condition being interpreted 
as qk{£) = T^biPki^)) when k is of type e — > 6. 

Proposition 2.2.1 (1) The B-family of identity mappings id : X ^ X defines 
a homomorphism from a A-algebra (X, to itself. 

(2) If -n : (X, p) iXi<i) and g : (Y, g) {Z,r) are homomorphisms then the 
composition g o n is a homomorphism from (X,p) to {Z,r). 

Proof (1) This follows immediately from Lemma [2.1.31 (1). 
(2) Let ke K; then by Lemma 12X31 (2) 

Tfc o o n)^'' = Tfc o g''" o n'"" = g^^ o o tt''" = gt^ o Tr*.^ o pf, = (g o 7r)k^ o p^ 

and hence ^) o vr is a homomorphism from {X,p) to (Z, r). □ 

Proposition l2.2.11 implies that there is a category whose objects are A-algebras and 
whose morphisms are homomorphisms between A-algebras. With the terminology 
introduced at the end of Section 12. a homomorphism vr : (X, p) {Y, q) is an 
isomorphism if there exists a homomorphism g : {Y, q) (X, p) such that g o tt 
and iro g are the families of identity mappings (on X and Y respectively). If this 
is the case then for each b E B the mapping Hb : Xb Yb must be a bijection and 
gb must be the set-theoretic inverse n^^ of VTb (and so in particular g is uniquely 
determined by vr). The converse also holds: 

Proposition 2.2.2 If it : {X,p) {Y,q) is a homomorphism such that for each 
b E B the mapping vr^ : X5 ^ Yb is a bijection then vr is an isomorphism. 

Proof This amounts to showing that the family tt^^ of set-theoretic inverses is 
also a homomorphism. Let k E K. Then qk o tt^ = iTk^ o p^, and therefore by 
Lemma 12.1.31 (3) it follows that pk o (n^^)'''' = Pk ° i^'^^)^^ = ^^k^ ° qk, which 
implies that vr"^ is a homomorphism. □ 

We are going to divide up the signatures into two kinds. The set 

B \ 53(0^) = {beB:Kb = 0} 

will be called the parameter set of A, and is always denoted in what follows by 
A. Thus y4 is a proper subset of B, since B and K are both non-empty. The 
signature A will be called closed if A = (which is the case for the signature in 
Example 2.2.1) and open if A ^ 0. 

Open signatures are typically involved when dealing with what goes under the 
name of polymorphism. Consider the signature in Example 2.2.1. This contains a 
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type list with associated operator names Nil of type e — »• list and Cons of type 
int list list. In the A-algebra (A, p) defined in the example Xnst = Zi* 
with puii : I ^ Z* given by p^±\{e) = e and pcons : Z x Z* — >• Z* given by 
Pcons("^, s) = m < s. Now if hsts of some other type t need to be implemented 
then the signature would have to be extended by adding a new type, say tlist, 
together with two new operator names, one of type e —>■ tlist and the other of 
type t tlist — s> tlist. Moreover, the signature has to be extended in essentially 
the same way with a new list type and two new operator names for each type 
for which lists are required. This is clearly not very satisfactory. What is needed 
is the possibility of defining once and for all lists of an arbitrary type. The 
reader should look at Example 2.2.3 on the next page but one in order to get 
some inkling of how this might be done using an open signature. This topic (i.e., 
polymorphism) will be dealt with systematically in Chapter [61 

The definitions and results in this chapter do not distinguish explicitly between 
open and closed signatures. However, many of the results are only really relevant 
when applied to the 'right' kind of signature. 

The following simple construction will play an important role in Chapter EJ Let 
F be a non-empty set and for each i G -F let Aj = {Bi, Ki,Qi) be a signature. 
Then A is said to be the disjoint union of the signatures Aj, i E F, if the following 
conditions hold: 

(1) BiHBi = and Kir\Ki = whenever i ^ j. 

(2) B = B, and K = J.^^ K,. 

(3) e,(A;) = e(A;) for all k G Ki, i G F. 

In particular, if Ai is the parameter set of Aj for each i E F then A = IJjg^ Ai is 
the parameter set of A. If A is the disjoint union of the signatures Aj, z G -F, and 
is a Aj-algebra for each i E F then a A-algebra {X,p) can be defined by 
putting Xf, = XI for each b E Bi and pk = pi for each k E Ki. (X, p) will be called 
the sum of the Aj-algebras i E F, and will be denoted by ©jgj?(A*,p*). 

The converse also holds: 

Lemma 2.2.1 Suppose A is the disjoint union of the signatures Aj, i E F. Let 
{X,p) be a A-algebra and for each i E F put X* = X\Bi o.nd p* = p\Ki- Then 
{X\p^) is a Ai-algebra and {X,p) = ©jgp'(A*,p*). 

Proof Straightforward. □ 

Lemma 2.2.2 Suppose A is the disjoint union of the signatures Aj, i E F, and 
for each i E F let (X*,p*), (F*,g*) be Ai-algebras and vr* : (X*,p*) be 
a homomorphism. Then vr : ©jgp'(X*,p*) ®ieF{Y^,q'^) is a homomorphism, 
where vr is given by TCf, = vr^ for each b E Bi. 
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Proof Straightforward. □ 

A signature A' = {B', K', 9') is said to be an extension oi Aii B C B', K C K' 
with © = ©1^. Thus ilk & K then and k^ have the same meaning in both A 
and A'. Note that A is trivially an extension of itself. 

Let A' be an extension of A. A A'-algebra (y, q) is then called an extension of a 
A-algebra (A, p) if X5 C Y;, for each b E B and pk is the restriction of qj. to 
for each k E K. (The case A' = A is certainly not excluded here, and in fact 
it will occur frequently in what follows.) Note that if {Y,q) is a A'-algebra then 
(Y|s, q\K) is a A-algebra. Moreover, if tt is a homomorphism from {Y, q) to (Z, r) 
then the family t:\b is a homomorphism from (yj^, q\K) to (^|b, t\k)- 

Let us now look at the special case of a single-sorted signature, i.e., a signature 
of the form (I, K, 0). In this case there is no choice for the second component of 
(since there is only one mapping possible from K to I) and so a single-sorted 
signature can be regarded as being a pair (A, d) consisting of a set K and a 
mapping -t? : A — >■ FSets, recalling that T(l) can be identified with the class 
FSets of all finite sets. 

Let A = (A, '&) be a single-sorted signature; then (identifying a I-family Z with 
the object Z^) a A-algebra is here a pair (A,p) consisting of a set X and a 
A-family of mappings p with pk : X'^'^^^ — > X for each k E K. 

Consider now the even more special case of an enumerated single-sorted signature 
A = (A, -d) . Then, since I* can clearly be identified with the set of natural 
numbers N, i) can here be regarded as a mapping from A to N. If (X.p) is a 
A-algebra then p^ is a mapping from the cartesian product X^^'^^ to A, so ^(k) 
is just the number of arguments taken by the operator p^. 

If A = (5, A, 0) is an arbitrary signature then there is a single-sorted signature 
A° = (A,i?) with ^ : K ^ FSets defined by i9{k) = {k"") = dom(A;^) for each 
k E K. This means that A° is obtained from A by no longer distinguishing 
between the various types. Now let {Y,p) be a A^-algebra, so y is a set and 
Pk : A''^'^) ^ A for each k E K; for each 6 G 5 put A5 = Y. Then A'=' = y'^(^) 
for each k E K, since any mapping from 'd{k) = {k'^) to U}7e{fc'>) ^fe"*?? = ^ 
is automatically typed, which implies that (A,p) is a A-algebra. This almost 
trivial method of obtaining A-algebras turns out to be surprisingly useful. 
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Example 2.2.3 Consider the signature A = {B, K, 0) with 

B = {bool, atom, int, pair, list, Ip, x, y, z}, 

K = {True, False, Atom, Pair, Nil, Cons, L, P} U Int , 
and with Q : K B* x B defined by 

0(True) = 0(False) = (£:,bool), 

0(Atom) = (e, atom), 

0(Pair) = (x y,pair), 

0(Nil) = {e, list), 0(Cons) = (z list, list), 
0(L) = (list,lp), 0(P) = (pair,lp), 
0(n) = {e, int) for each n G Z. 

The parameter set is here the set A = {x, y, z}. Using the conventions 
introduced in Example 2.2.2, this signature can be represented as 

bool ::= True | False 

atom ::= Atom 

int ::=■■■ -2 | - 1 | | 1 | 2 • • • 

pair ::= Pair x y 

list ::= Nil | Cons z list 

Ip ::= L list | P pair 

Let V be an A-family of sets. A A-algebra {X, p) with X\a = V can then 
be defined by putting 

Abool = Aatom = I) Aint = Z, Apair = Vy, X Vj, Xn^t = V* , 

Alp = (\4 X Vj) U V* (this union being considered to be disjoint). 

Ax = Ay = Vj, Az = Vz, 

Plrue : I Abool with PTrue(£^) = T, 
PFalse : I Abool with ^palsel^^) = F, 
PAtom : I Aatom with ^Atoml^) = 

p„ : I — > Z with Pn{e) = n for each n G Z, 

PPair : K X ^ Apair with Ppair(a;, v) = (x, y), 

PNii : I Aiist with pmiie) = £, 

Pcons : K X Alist Aiist with pcons{z, s) =m<s, 

Pl ■■ Alist Alp with Pl(s) = s, 

Pp ■ Apair Alp with Pp{p) = p. 

In Chapter [6] an augmented form of the representation of the signature 
A will be introduced, providing the types pair, list and Ip with the 
parameters from the set A on which they depend. 
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For the whole of the section let (X, p) be a A-algebra. 

Let Y G X (i.e., F is a i?-family of sets with Yb C for each b E B). The 
family Y is said to be invariant in {X,p), or just invariant, if PkiX^ ) C Yk^ for 
all k G /i'. In particular, the family X is itself trivially invariant. 

A related notion is that of a subalgebra: A A-algebra (F, q) is a subalgebra of 
(X, if y C X and is the restriction of pk to Y''" for each k G K. In this case 
the family y is clearly invariant. Conversely, let Y be any invariant family and 
for each k E K let qu denote the restriction of pk to F*^", so qu can be considered 
as a mapping from Y^" to Y^^. Then (y, g) is a subalgebra of (X, p). This means 
there is a one-to-one correspondence between invariant families and subalgebras 
of (X, p). If Y is an invariant family then the corresponding subalgebra {Y,q) is 
called the subalgebra associated with Y . 

Lemma 2.3.1 Let tt : {X,p) — > {Y,q) be a homomorphism. 

(1) If the family X is invariant in (X, p) then the family Y given by Yf, = 7rf,(X{,) 
for each b E B is invariant in (Y, q) . 

(2) If the family Y is invariant in (F, q) then the family X given by Xf, = Tt'^^^iYij) 
for each b E B is invariant in (X, p) . 

Proof (1) Let k E K; then by Lemma [2.1.31 (3) n'"" {X''") = Y''" and hence 

qkiY'') = qkin'\x'')) = nkMX'')) C 7r,,(X,J = F,, . 
The family Y is thus invariant in {Y, q). 

(2) Let kEK- then by Lemma [5XS] (3) ti^\X^") C Y^\ since 7ri,(X;,) C % for 
each b E B. Hence 

nkMiX'')) = qk{7c'\x'')) C qk{Y'') C F,, 

and therefore pk{X'''^) C 7r^^^(Yfc<,) = X^^. This implies that the family X is 
invariant in {X,p). □ 

Lemma 12.3.11 says that both the image and the pre-image of a subalgebra under 
a homomorphism are again subalgebras. In what follows let U he a i?-family of 
sets with U G X. 

Lemma 2.3.2 IfY is an invariant family in (X, p) containing U and 

Y, = U,u[j pkiY''") 

keKt 

for each b E B then the family Y is invariant in {X,p) and U cYcY. 
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Proof By definition U C Y, and Y cY liolds because Y is invariant. Moreover, 
Y is invariant, since then Pk{Y''^) C Pk{Y''^) C Yfc, for all keK. D 

Lemma 2.3.3 There is a minimal invariant family containing U (i.e., there is an 
invariant family X with U d X such that if Y is any invariant family containing 
U then X dY). 

Proof As already noted, the family X is itself invariant, and it contains of course 
U . Moreover, it is easy to see that an arbitrary intersection of invariant families 
is again invariant. (More precisely, if X* is an invariant family for each t G T and 
Xiy = f]^^j,Xl for each b & B then X is also invariant.) The intersection of all 
the invariant families containing U is thus the required minimal family. In fact, 
this minimal family X can be given somewhat more explicitly: For each n G N 
define a family X" C X by putting X^ = U and for each n G N, 6 G -B letting 
= X^" u [jk&K, ^(Pfc)' where pl is the restriction of pk to Then 
it is straightforward to check that X;, = UneN"^? ^'-'^ each b E B. This shows 
that Xf, consists exactly of those elements of Xi, which can be 'constructed' in 
a finite number of steps out of elements from the family U and elements which 
have already been 'constructed'. □ 

Lemma 2.3.4 If X is the minimal invariant family containing U then 

Xb = UbU [j pkiX"') 

for each b E B. 

Proof This follows immediately from Lemma I2.3.2[ □ 

If X is the minimal invariant family containing U then the associated subalgebra 
will be referred to as the minimal subalgebra of {X,p) containing U. 

The A-algebra (X, p) is now said to be U -minimal if X is the only invariant 
family containing U. Note that the minimal subalgebra of (X, p) containing U is 
always a [/-minimal A-algebra. 

Proposition 2.3.1 // (X, p) is U -minimal then for each b E B 

UtU \J ^{pk) = X, . 

keKt 
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Proof This follows immediately from Lemma I2.3.4[ □ 

Consider the special case when U = 0: The minimal invariant family containing 
is of course just the minimal invariant family, and the associated subalgebra 
will be referred to as the minimal subalgebra of {X,p). Moreover, {X,p) is said 
to be minimal if X is the only invariant family, thus (X, p) is minimal if and only 
if it is 0-minimal. 

If {X,p) is minimal then by Proposition 12.3. 11 |J Q{pk) = Xf, for each h E B. 

As in Section [2^2] let A be the parameter set of A (so A = {h E B : Ki, = 0}). Note 
that if {X^p) is ^/-minimal then by Proposition 12.3. 1] X| 4 = U\a- In particular, 
if (X, p) is minimal then X\a = 0- This indicates that minimality is usually not 
an appropriate requirement when the signature is open (i.e., when A 7^ 0). 

The converse of Proposition l2.3. ll does not hold in general. However, the condition 
occurring there can be combined with a second condition to give a useful sufficient 
criterion for being minimal. A 5-family of mappings # with : Xi, —>■ N for 
each b E B will be called a grading for (X, p) if for each k E K 

for all rj G {k^)- If there exists a grading then (X, p) is said to be graded. If A is 
enumerated then a family 7^ being a grading means that 

< ifbiPkixi, . . . ,x„)) 

must hold for each j = 1, . . . , n for each (xi, . . . , x„) G Xb-^ x ■ ■ ■ x Xb„ whenever 
k E K is of type 61 ■ ■ ■ 6„ — » 6. 

Lemma 2.3.5 // {X,p) is graded and for each b E B 

UbU [j $5(pfc) = Xb 

then X is U -minimal. 

Proof Let 7^ be a grading for {X,p), let X be the minimal invariant family 
containing U and suppose X 7^ X. There thus exists b E B and x G X^ \Xf, such 
that i^b{x) < #6'(a;') whenever x' G X^/ \ X^/ for some b' G B. Then x G '^{pk) 
some k G Kb, since Ub C Xb, and so there exists v G X^'* with x = Pk{v). But 
it then follows that i^k>ri{v{ri)) < i^k^{x) and hence that v{ri) G X^c^ for each 
T] G {k'^) (by the minimality of ^^(x)). However, this implies x G Xb, since the 
family X is invariant, which is a contradiction. □ 
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Proposition 2.3.2 // {X,p) is graded then it is U -minimal if and only if 



for each h E B. 

Proof This follows immediately from Proposition 12.3.11 and Lemma 12.3.51 □ 

There is an obvious grading for the A- algebra (X, defined in Example 12.21 1. 
and it is thus easy to check that this algebra is minimal. 

Proposition 2.3.3 (1) If{X,p) is U -minimal andn and g are homomorphisms 
from {X,p) to a A-algebra (Y,q) with 7ib{x) = Qh{x) for all x G U^,, h E B, 
then TT = g. In particular, if {X,p) is minimal then there exists at most one 
homomorphism from {X,p) to a A-algebra {Y,q). 

(2) If {X^p) is U-minimal then any homomorphism tt from a A-algebra {Y,q) 
to {X,p) with Ub C TibiXb) for each b E B is surjective (i.e., vTf, is surjective 
for each b E B). In particular, if (X, p) is minimal then any homomorphism 
71 : (Y,q) — > {X,p) is surjective. 

Proof (1) For each b E B let X^ = E X^ : Ttbix) = Qb{x)}] thus U C X. 
Consider k E K and let v E X'^^; then v{r]) E X^o^ for each i] E {k'') and hence 



UbU[j Q{pk) = Xb 



keK,, 



g'^^iv). Therefore 

(Iki.T^^" {v)) = qki.d'^iv)) = Qk^Pkiv)) , 



which implies that t:'^" {v) 



T^kAVkiv)) 



i.e., Pk{v) E Xk^. This shows that the family X is invariant and thus X = X, 
since (X, p) is [/-minimal. In other words, ti = g. 



(2) This follows immediately from Lemma 1^3.11 (1). □ 
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Using the terminology introduced in Section 12.11 a A-algebra (X, p) is said to be 
initial if for each A-algebra {Y, q) there exists a unique homomorphism from {X, p) 
to Let us note here that for open signatures there is a more appropriate 

notion which will be dealt with in Section I2.6[ 

Initial algebras will be characterised as those that are minimal and possess a 
further property, here called regularity. The existence of an initial A-algebra will 
be established by showing that a minimal regular A-algebra exists. 

Again let A = {h E B : K^^ = 0} be the parameter set of A. A A-algebra {X,p) 
is said to be regular if for each b E B \A and each x & Xf, there exists a unique 
k E Kh and a unique element v G X'^" such that Pkiv) = x. Thus {X,p) is regular 
if and only if the mapping p^ is injective for each k E K and for each h E B\A 
the sets Q'(pfc), k G K^, form a partition of X^. 

In particular, the A-algebra {X,p) in Example I2.2[ l is clearly regular. 

It is useful to introduce a further condition, which turns out to be equivalent to 
being regular for minimal algebras. A A-algebra (X, p) is said to be unambiguous 
if the mapping p^ is injective for each k E K and for each b E B the sets 
k E Kfy, are disjoint subsets of Xb. (Of course, in the definition of being 
unambiguous it would make no difference if B were replaced hj B \ A, since 
Ka = for each a E A.) 

Proposition 2.4.1 There exists an initial A-algebra. Moreover, the following 
are equivalent for a A-algebra {X,p): 

(1) (X, p) is initial. 

(2) (X, p) is minimal and regular. 

(3) (X, p) is minimal and unambiguous. 

Proof This occupies the rest of the section. □ 

The characterisation of initial algebras in Proposition 12.4. 11 is sometimes referred 
to as stating that initial algebras are exactly those for which there is no junk and 
no confusion (i.e., those which are minimal and unambiguous). 

Remark: Recall that if (X, p) is minimal then by Proposition 12.3.21 X| a = 0, and 
so Proposition 12.2.11 implies that also X\a = for each initial A-algebra (X, p). 
(This indicates why being initial is usually not an appropriate requirement when 
the signature is open.) Note further that this property of minimal algebras means 
that, as far as Proposition 12.4.11 is concerned, B\A could be replaced by B in 
the definition of being regular. However, many of the A-algebras which will be 
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considered are not minimal and then tlie definition of regularity made above is 
tfie 'correct' one. 

Before going any further consider again the natural number algebras discussed in 
the Introduction. The equivalence of initial natural number algebras and Peano 
triples is easily seen to be just a special case of Proposition 12.4. 1[ 

The equivalence of (2) and (3) in Proposition 12.4. ll is dealt with by the following 
simple lemma: 

Lemma 2.4.1 A minimal A-algebra is unambiguous if and only if it is regular. 

Proof It is clear that any regular A-algebra is unambiguous. Conversely, an 
unambiguous A-algebra {X,p) will be regular if Ufcex^ "^(Pfc) ~ -^b for each b G 
B \A, and this holds for minimal A-algebras by Proposition 12.3.11 □ 

The main steps in the proof of Proposition 12.4. 11 are first to show that there exists 
a minimal regular A-algebra and then to show that any such A-algebra is initial. 

In order to get started an unambiguous A-algebra is needed, and the following 
trivial observation is useful here: Let A° = {K, t?) be the single-sorted signature 
defined at the end of Section 12.21 (with the mapping d : K ^ FSets given by 
'd{k) = {k'') for each k & K, recalling that (fc^) = dom(A;^)). Let iY,p) be a 
A°-algebra and {X,p) be the A-algebra with Xh = Y for each b E B. 

Lemma 2.4.2 If the K°-algebra is unambiguous then so is the A-algebra 

iX,p). 

Proof This is clear. □ 

Lemma 2.4.3 There exists an unambiguous A-algebra. 

Proof By Lemma 12.4.21 it is enough to show that if A' = {K, is a single-sorted 
signature then there exists a unambiguous A'-algebra. The construction given 
below is just one of many possibilities of defining such an algebra. 

Let M = Mo U K, where is the set of all pairs of the form {k, t]) with k E K 
and rj G and let X be the set of all non-empty finite subsets of M*. Now if 
k E K with 't?(/c) = then define : I — > X by letting Pkis) = {k} (where here 
k is the list consisting of the single component k), and if k E K with 'd{k) ^ 
then define a mapping pk : X^^''^ ^ X by letting 

Pk{v) = {k}U [J {{k,r]) <s : s e v{ri)} 

r?Gi?(fc) 
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for each v E X'^^^) ^ where < : M x M* M* is the (infix) operation of adding an 
element to the beginning of a hst. This gives a A'-algebra {X,p). But it is easily 
checked that '^{pki) and ^'(pfea) disjoint subsets of X whenever ki ^ k2, and 
also that pk is injective for each k E K. Hence {X,p) is unambiguous. □ 

Lemma 2.4.4 There exists a minimal regular A-algebra. 

Proof By Lemma [2.4.31 there exists an unambiguous A-algebra {X,p). But then 
any subalgebra of {X,p) is also unambiguous. In particular, the minimal sub- 
algebra is minimal and unambiguous, and hence by Lemma 12.4.11 it is minimal 
and regular. □ 

Lemma 2.4.5 Let {X,p) be a minimal regular A-algebra. Then there exists a 
unique B -family ^ with : Xi, ^ N for each b E B with H^kSVki.^)) = ^/ 
k E K with k^ = e and such that 

for all V E X*^'^ whenever k E K with k^ ^ e. 

Proof Let us emphasise again that X\a = 0, since {X,p) is minimal. The family 
# will be obtained as the limit of a sequence {#™}m>o, where #™ is a S-family 
of mappings with : Xh ^ N for each b E B. First define = for each 
b E B. Next suppose that the family 7^"^ has already been defined for some 
m G N. Then, since {X,p) is regular and X\a^ = 0, there is a unique family of 
mappings ^"^+^ such that Wk^^iVki^)) = if G K with k^ = e and such that 

#t:\Pk{v)) = 1 +max{#™^(t;(r/)) : ^ e (F)} 

for all V E whenever k E K with k^ 7^ e. By induction this defines the family 

qq,q\i m G N. 

Now < #'^+^ holds for each m G N (i.e., i^l^{x) < W^^^{x) for all x E Xb, 
b E B): This follows by induction on m, since < holds by definition and 
if < ^'"+1 for some m G N and k E K with fc'^ 7^ e then 

n:\Pk{v)) = 1 + max{#-^(t;(r/)) : E (F)} 

< 1 + max{#-4^(t;(r^)) : v G (F)} = #r.^^(p,(t;)) 

for all V E X'^", which implies that ^™'+^ < ^™+2^ Moreover, the sequence 
{#r(^)}m>o is bounded for each x E Xj,, b E B: Let X^ denote the set of those 
elements x E Xf, for which this is the case. Then it is easily checked that the 
5-family X' is invariant, and hence X' = X, since {X,p) is minimal. 
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Let X G Xb] then by the above {#b^(a;)}m>o is a bounded increasing sequence 
from N, and so there exists an element i^b{x) G N such that = #b(a;) for 

all but finitely many m. This defines a mapping #5 : — >■ N for each b & B, and 
it immediately follows that the family ^ has the required property. It remains 
to show the uniqueness, so suppose is another i?-family of mappings with this 
property. For each 5 G -B let = {a; G : = then the family X' 

is clearly invariant and hence X' = X, since {X,p) is minimal. □ 

It can now be shown that a minimal regular A-algebra {X,p) is initial: Let 
(Y, q) be any A-algebra; then it is enough to just construct a homomorphism 
TT : {X,p) {y,(l), since Proposition 12.3.11 (1) implies that this homomorphism 
is unique. 

Let # be the family of mappings given by Lemma 12.4.51 (with 7^5 : X;, — > N for 
each b E B) and for each 6 G -B, m G N let X^ = {x E Xb : #f)(a;) = m}. Define 
TT by defining VTf, on X™ for each b E B using induction on m. Let x G X°; then, 
since (X, p) is regular and X\a = 0, there exists a unique k E Kb and a unique 
element f G X^ such that ) = x, and here = e and so x = Pk{^). Thus 
put 7rfe(a;) = g^l^^), which defines Tr^ on X° for each b E B. Now let m > and 
suppose Tib' has already been defined on Xy for all n < m and all b' E B. Let 
x E XJ^; again using regularity and the fact that X\a = 0, there exists a unique 
k E Kb and a unique v E X'^^ such that x = Pk{v). In this case v E X'^" with 
k^ 7^ £, and by the defining property of # it follows that H^k'>riiv{vi)) < m for 
each 7] E (k'^), which means TTk>ri{v{f])) is already defined for each 77 G (k'^) and 
hence that tt'^'^(v) is already defined (i.e., 7r^''(w) is the element v' of F*^^ given by 
v'{ri) = 7!'k>rj{v{ri)) for each r] E {k'^)). Thus here put 7!'b{x) = qkij^^^ {v)). In this 
way TTfe is defined on X™ for each b E B and each m G N, and the family vr is a 
homomorphism more-or-less by construction. 

This shows that any minimal regular A-algebra is initial which, together with 
Lemma 12.4.41 also implies that an initial A-algebra exists. In order to show that 
an initial A-algebra is minimal and regular the following fact is needed: 

Lemma 2.4.6 A A-algebra isomorphic to a minimal unambiguous A-algebra is 



itself minimal and unambiguous. Thus by Lemma \2.4-l\ a A-algebra isomorphic 



to a minimal regular A-algebra is itself minimal and regular. 

Proof Let {Y, q) a minimal unambiguous A-algebra and vr : (X, p) {Y, q) be an 
isomorphism. If X' is an invariant family in (X, p) then Lemma [2.3. II (1) implies 
that 7rfe(X^) = Yb for each b E B, since Y is the only invariant family in {Y,q). 
Thus X^ = TT-\nbiXl)) = TT-\Yb) = Xb for each b E B, i.e., X' = X, and this 
shows that {X,p) is minimal. Now ii k E Kb and x E '^{pk) then by the definition 
of a homomorphism 7rb{x) E Q'(q'fc). It immediately follows that if ^1,^2 ^ Kb 
with ki 7^ k2 then '^{pk^) r\'^{pk2) = 0- Finally, gfcovr'^^ = vr^^ op^ and, moreover. 
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Qk is injective, tt^^ is a bijection and by Lemma 12.1.31 (3) n''^ is also a bijection. 
Thus pk is injective for each k & K. □ 

Now consider the property P of A-algebras of being minimal and regular. Then 
it has already been shown that there exists a A-algebra having property P and 
that every A-algebra having property P is initial. Moreover, Lemma [2.4.41 shows 
that any A-algebra isomorphic to a A-algebra having property P has property 
P. Thus by Proposition 12.1.21 every initial A-algebra has property P, and this 
completes the proof of Proposition 12.4.11 □ 

Proposition 12.4.11 implies that the A-algebra {X,p) in Example 12.21 1 is initial. 

A type b ^ B \A will be said to be primitive ii k'^ = e for each k G Kfy. (In the 
signature A in Example 12.21 1 the primitive types are therefore bool and int.) 
Note that if (X, p) is an initial A-algebra and b E B\A is a. primitive type then 
the mapping k ^-^ Pk{^) maps Ki, bijectively onto X^). (For the A-algebra {X^p) in 
Example I2.2[ l this gives the obvious bijections between i^booi = {True, False} 
and Xbooi = B = {T, F} and between K±^^ = Int and Xint = Z.) 

Lemma 2.4.7 The minimal subalgebra of an unambiguous A-algebra is initial. 

Proof This follows from Proposition l2.4.11 and Lemma[2AT], since, as was already 
noted, any subalgebra of an unambiguous algebra is unambiguous. □ 

Let A' = {B', K, B') be a signature which is an extension of A. The following is 
a useful extension of Proposition 12.4.11 

Proposition 2.4.2 Let{X,p) be an initial A-algebra. Then there exists an initial 
A' -algebra which is an extension of {X,p). 

Proof By Proposition 12.4.11 there exists an initial A'-algebra [Z, r) and the pair 
{Y, q) = {Z\B, r\K) is then a A-algebra; let (Y, q) be the minimal subalgebra of 
(y, q). Now by Proposition l2.4.11 and Lemma r2.4.1l (Z. r) is unambiguous and thus 
(y, q) is also unambiguous. Hence by Lemma [2.4.71 (F, q) is an initial A-algebra, 
and by construction (Z, r) is an extension of (F, q). The unique isomorphism from 
(X, to {Y^q) can therefore be used to construct an initial A'-algebra which is 
an extension of (X, p) . □ 

We end the section by noting that if A = (i^, -d) is a single-sorted signature 
then the unique homomorphism from an initial A-algebra to a A-algebra (Y, q) 
exists even when y is a class. This observation forms the basis for several of the 
constructions which will occur in later chapters. 



If C is a class and J a set then C will be used to denote the class of all mappings 
from J to C; in particular, = 1. If X is a set and vr : X — > C is a mapping 
then TT"' will be used to denote the mapping from to defined by 

■K\u){ri) = 7T{u{ri)) 

for all u E i] E J. 

Let A = {K, ^) be a single-sorted signature, so : K ^ FSets and a A-algebra 
is here a pair {X,p) consisting of a set X and a i^-family of mappings p with 
Pk '■ X^^'^^ — > X for each k E K. Let C be a class and let be a i^-family of 
mappings with '■ C^^^^f — >• C for each k E K. Then (C, would be a A-algebra, 
except that C is in general not a set. However, if {X^p) is a A-algebra then a 
mapping tt : X — > C will still be called a homomorphism from (X,p) to (C, if 

for all k E K. 

Proposition 2.4.3 Let {X,p) be an initial A-algebra; then there exists a unique 
homomorphism it : {X,p) — >■ {C,!f). 

Proof The construction of a homomorphism from {X, p) to a A-algebra given in 
the proof of Proposition 12.4. II takes place essentially in {X,p). This construction 
can thus also be used to give a homomorphism from {X^p) to {C^ip). Moreover, 
the uniqueness follows exactly as in the proof of Proposition 12.4.11 from the fact 
that {X^p) is minimal. □ 



2.5 Free algebras 

The concept of being initial will now be generalised, leading to what are known 
as free algebras. The existence of free algebras will be established by looking at a 
new class of initial algebras, which also plays an important role in the following 
section. 

Let f/ be a i?-family of sets, which is considered to be fixed in what follows. 
A A-algebra (X, p) is said to be U -based iiU <Z X. If (X, p) and {X',p') are 
[/-based A-algebras then a homomorphism tt : {X,p) {X',p') is said to fix U 
if iTb{x) = X for all x E Ub, b E B. 

Proposition 2.5.1 (1) If {X,p) is a U -based A-algebra then the B-family of 
identity mappings id : X ^ X defines a homomorphism from {X,p) to itself 
fixing U. 
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(2) If {X,p), (Y,q) and {Z,r) are U -based A-algebras and vr : {X,p) iY,q) 
and g : {Y, q) —>■ {Z, r) are homomorphisms fixing U then the composition g o it 
is a homomorphism from {X,p) to {Z,r) fixing U. 



Proof This follows immediately from Proposition 12.2. 1[ □ 

Proposition 12 . 5 . Il implies there is a category whose objects are [/-based A-algebras 
and whose morphisms are homomorphisms fixing U. A A-algebra {X,p) is said 
to be U -initial if it is an initial object in this category, i.e., if it is [/-based and 
if for each [/-based A-algebra {X',p') there exists a unique homomorphism from 
{X,p) to iX',p') fixing U. 

It will turn out that there exist [/-initial A-algebras and that these are exactly 
the [/-free algebras: A A-algebra {X,p) is said to be U-free if it is [/-based and 
for each A-algebra {Y, q) and each 5-family of mappings v -.U -^Y there exists a 
unique homomorphism vr" : {X,p) — > (F, q) such that T^l{ri) = v{r]) for all rj G Ub, 

beB. 



Proposition 2.5.2 There exists a U-free A-algebra. Moreover, a A-algebra is 
U-free if and only if it is U -initial. 



Proof The proof starts by showing that there exists a [/-initial A-algebra, and 
such an algebra will be obtained from an initial A(/-algebra, where Ajj is the 
following extension of the signature A: For each r] e [/{,, h E B lei be some 
element not in K and such that oj^^ ^ o^^ whenever rji ^ r/2 and, moreover, such 
that o^^^ 7^ whenever h\ 7^ 62- Put 

K^ = K\^{o\■.l]EUb.hEB} 

and define a signature Ay = {B, Kjj, Qu) with Qjj : Kjj T{B) x B given by 



\ (e, h) ii k = for some rj E Ub 



A [/-based A-algebra {X,p) can be extended to a A{/-algebra {X,p'), called the 
Au-algebra associated with {X,p), by putting p'^ = pk for each k E K and defining 
p'^b : I ^ Xb to be the mapping with (e) = rj for each r] E Ub, b E B. 



Lemma 2.5.1 Let {X,p) and (Y,q) be U- based A-algebras, let {X,p') and (Y,q') 
be the associated Au-algebras and let it : X ^ Y be a family of mappings. Then 
IT is a homomorphism from {X, p) to (Y, q) fixing U if and only if it is a homo- 
morphism from {X, p') to {Y, q') . 
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Proof This is clear. □ 

Lemma 2.5.2 There exists a U-based A-algebra whose associated Au-algebra is 
an initial Au-algebra. 

Proof By Proposition 12.4.11 there exists an initial Ac/-algebra, and it is easy to 
see that there then exists an initial A[/-algebra {Y, q') with Y r\U = 0. For each 
b E B put Vb = {q't {e) '■ Tj E f4}; then C Yj, and, since {Y, q') is regular, there 

is a unique bijection Qb'-Vb^ Ub such that QbiQ^i^)) = V ^ach rj G Ub- Now 
put Xb = Ub U (Yb \ Vb) and extend Qb to a bijection Qb '■ Yb Xb by letting 
Qbiv) = y for all y E Yb\Vb. Also for each k G Ku let p'^ : X'^'^ — > be given 
by p'^ = Qk^ ° Qk ° (f?^^)^^- This results in a Ajy-algebra (X, p'), and 

Qk^oqk = Qk,oqk°{Q ) o ^ =Pk°Q 

for each A; G Kjj, which means that ^ is a homomorphism, and therefore an 
isomorphism, from {Y,q') to {X,p'). Hence (X, p') is itself an initial A[7-algebra. 
But by definition (X, p) = (X, pj^) is a tZ-based A-algebra and clearly {X,p') 
is the Ac/-algebra associated with (X, p), since p'ti^) = QbiQLbi^)) = V fo^ ^ach 
rj E Ub and each b E B. □ 

Lemma 2.5.3 ^4 U-based A-algebra is U -initial if and only if the associated Au- 
algebra is initial. 

Proof Let (X, p) be a [/-based A-algebra and suppose first that the associated 
A[7-algebra (X, p') is initial. Let {Y,q) be an arbitrary [/-based A-algebra and 
let (y, q') be the associated A^-algebra. There is thus a unique homomorphism 
vr : (X, p') — s> (yig'), which by Lemma [2.5.11 is the unique homomorphism from 
(X, to {Y,q) fixing U. Thus (X, is a [/-initial A-algebra. 

Suppose conversely (X, p) is a [/-initial A-algebra. By Lemma 12.5.21 there exists 
a [/-based A-algebra {Y,q) whose associated A(/-algebra {Y,q') is initial. Let tt 
be the unique homomorphism from (X, p) to (Y, q) fixing U and let vr' be the 
unique A[/-homomorphism from ( Y, g') to (X, p') . Then by Proposition 12.2.11 and 
Lemma 12.5.11 it follows that vr' o tt is a homomorphism fixing U from (X, p) to 
itself and so vr' o vTb must be the family of identity mappings on X. In the same 
way TT o tt' is a homomorphism from (F, q') to itself and so vr o vr' is the family 
of identity mappings on Y . This implies that tt' is an isomorphism and hence 
(X, p'), being isomorphic to the initial A(/-algebra {Y,q'), is itself initial. □ 

In particular Lemma 12.5.31 together with Lemma 12.5.21 implies that a [/-initial 
A-algebra exists. It will next be shown that [/-initial A-algebra is [/-free. 
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Lemma 2.5.4 A U -initial A- algebra {X,p) is U-free. 

Proof By Lemma 12.5.31 the associated A(7-algebra (X, p') is initial. Let {Y, q) be 
any A-algebra and let ^) : f/ — > F be a 5-family of mappings. For each k & K lei 
q'^. = qk and for eUb let g' ^ : I — > YJ, be given by q'. {e) = gb{v)', thus {Y, q') is a 

A[/-algebra and so there exists a unique homomorphism vr from (X, p') to {Y, q'). 
But then tt is also a homomorphism from (X, p) to (F, q) with 

7rb(r7) = 7r5(p^j,(£)) = q'^,^{e) = Qbirj) 

for each t] & Ub, b E B. Moreover, vr is the unique such homomorphism since, 
conversely, any homomorphism vr' : {X,p) 0^,(l) with 71^(77) = Qbiv) for all 
77 G t/fo, 6 G -B is also a homomorphism from (X, p') to (V, Q'')- Hence {X,p) is 
t/-free. □ 

This completes the proof of Proposition I2.5.2[ since clearly a U-free A-algebra is 
[/-initial. □ 

There is a characterisation of ^/-initial A-algebras, and thus of f/-free A-algebras, 
which corresponds to the second part of Proposition 12.4. 1[ Again let A be the 
parameter set of A. 

A [/-based A-algebra {X,p) is said to be U -regular if Q{pk) r\ Ub = for each 
k E Kb and if for each b E B\A and each x E Xb\Ub there exists a unique k E Kb 
and a unique element v E X''" such that Pk{v) = x. Thus {X,p) is [/-regular if 
and only if the mapping pk is injective for each k E K and for each b E B\A the 
sets '^{pk), k E Kb, form a partition of Xb \ Ub- Similarly, a [/-based A-algebra 
{X,p) is said to be U -unambiguous if the mapping pk is injective for each k E K 
and for each b E B \A the sets '^{pk), k E Kb, are disjoint subsets of Xb \ Ub- 

Proposition 2.5.3 The following are equivalent for a A-algebra {X,p): 

(1) {X,p) is U-free. 

(2) {X,p) is U -initial. 

(3) {X,p) is U -minimal and U -regular. 

(4) {X,p) is U -minimal and U -unambiguous. 

Proof By Proposition 12.4. 11 and Lemma r2.5.3l it follows that a [/-based A-algebra 
{X,p) is [/-initial if and only if the associated A[/-algebra {X,p') is minimal and 
regular. But clearly {X,p') is regular if and only if {X.p) is [/-regular and it is 
minimal if and only if {X, p) is [/-minimal (since a family is invariant in (X, p') if 
and only if it contains U and is invariant in (X, p)). Thus a A-algebra is [/-initial 
if and only if it [/-minimal and [/-regular. This, together with Proposition 12.5.2] 
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shows the equivalence of (1), (2) and (3). The equivalence of (3) and (4) then 
follows from Proposition 12 . 3 . ll □ 

If {X,p) is L'^-minimal then by Proposition 12.3.1] X| 4 = U\a and therefore by 
Proposition 12.5.31 this also holds for [/-free and [/-initial A-algebras. 

Lemma 2.5.5 Let {X,p) be aU -free A-algebra which is an extension of an initial 
A-algebra {Z,r) . ThenUr\Z = 0. 

Proof By Proposition [533] ^^(Pfe) C \ [/,, for all k e K^, b E B. But clearly 
53(rfc) C '^{pk) for each k E K, and so by Proposition 12.3.11 Zi, C Xi,\ Uh for all 
be B, i.e., U nZ = 0. □ 

The following is a variation on Proposition I2.5.2t 

Proposition 2.5.4 Let {Z,r) be an initial A-algebra with U (1 Z = 0. Then 
there exists a U-free A-algebra extending {Z,r). Moreover, if {X,p) and {X',p') 
are any two such U-free A-algebras and it is the unique isomorphism from {X,p) 
to {X',p') such that T^biff) = V foi" each f] E If,, b E B then 7Tb{z) = z for all 

z e Zb, b e B. 

Proof By Proposition 12.5.2] there exists a U-fiee A-algebra consider the 

minimal subalgebra {Z,f) of {X,p). By Proposition 12.5.31 (Z. f) is unambiguous 
and therefore by Proposition 12.4. 11 and Lemma r2.4.1l (Z. f) is an initial A-algebra. 
Moreover, by Lemma [2.5.51 (Z. f) is disjoint from U and by construction {X,p) is 
an extension of {Z,f). The unique isomorphism from {Z,r) to {Z, f) can now be 
used to construct a [/-free A-algebra {X,p) which is an extension of {Z,r) (and 
note that here the assumption is needed that U (1 Z = 0). Finally, consider any 
A-algebra (X', p') which is an extension of {Z, r) and let vr be any homomorphism 
from {X,p) to {X',p'). Then iTb{z) = z for all z G Zb, b E B, since the family Z' 
defined by Z^ = {z E Zb : TTb{z) = z} for each b E B is invariant in {Z, r). □ 

Let us close the discussion of free algebras with a result which corresponds to 
Proposition 12.4.31 Let A = {K, {}) be a single-sorted signature, let C be a class 
and let be a /^-family of mappings with (p^ : C^^'^^ — > C for each k E K. 
Recall that if {X,p) is a A-algebra then a mapping vr : X — > C is still called a 
homomorphism from (X,p) to {C,ip) if 7r(pfc(f)) = ^Pk{T^^^''\v)) for all v E X^^^\ 
kEK. 

Proposition 2.5.5 Let I be a set and X : I C be a mapping. If (X, p) is an 

I -free A-algebra then there exists a unique homomorphism it : {X,p) (C,*/?) 
such that 77(77) = '^('7) fo''" each rj E I . 



Proof By Lemma 12.5.31 the A/-algebra (X, p') associated with {X, p) is initial. 
For k E K put 99'^ = ipk and for each r] E I define ip'^e : I — > C by ip'^e (e) = A (17). 
Hence by Proposition 12.4.3] there exists a homomorphism vr : {X,p') (C, 
But then tt is also a homomorphism from {X,p) to {C, (p) with 

7r(r^) = 7r(py5)) = = A(r^) 

for each rj E I. The uniqueness follows from the fact given in Proposition l2. 5.31 (3) 
that X is the only invariant set in {X,p) containing I. □ 



2.6 Bound algebras 

The title of this section should not be seen as having anything to do with the 
title of the previous section. It should be considered rather as an abbreviation of 
'algebras bound to an yl-family of sets'. 

As before A denotes the parameter set B \ 53(0<|) = {b E B : Kj, = 0} of A. For 
open signatures it is usually the case that an A-family of sets V is given and the 
interest is then only in A-algebras {X,p) with X\a = V. This is the situation 
which will be dealt with here. 

Let V be an A-family of sets, which is considered to be fixed in what follows. A 
A-algebra {X,p) is said to be bound to V if X\a = V. Of course, if A is closed (i.e., 
ii A = 0) then there is only one A-family of sets and any A-algebra is bound 
to it. If {X,p) and {X',p') are A-algebras bound to V then a homomorphism 
vr : {X,p) {X',p') is said to fix V if vra(x) = x for each x E Va, a E A. Again, 
if A is closed then this imposes no requirement on a homomorphism. 

Proposition 2.6.1 (1) If {X,p) is a A-algebra bound to V then the B-family 
of identity mappings id : X —>■ X defines a homomorphism from {X,p) to itself 
fixing V. 

(2) If {X,p), (F, q) and {Z, r) are A-algebras bound to V and tc : {X,p) (Y, q) 
and Q : (Y, q) {Z, r) are homomorphisms fixing V then the composition go ■n 
is a homomorphism from {X,p) to {Z,r) fixing V. 

Proof This follows immediately from Proposition 12.2.11 □ 

Prop osit ion 12 . 6 . ll implies there is a category whose objects are A-algebras bound 
to V and whose morphisms are homomorphisms fixing V. A A-algebra {X,p) is 
called V -initial if it is an initial object in this category, i.e., if it is bound to V 
and for each A-algebra {X',p') bound to V there exists a unique homomorphism 
TT : (X,p) ^ iX',p') fixing V. 
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Proposition 2.6.2 There exists a V -initial A-algebra. 

Proof For the rest of the section let V be the i?-family of sets with V\a = V and 
V\B\A = 0; this i?-family will be called the trivial extension ofV to B. Note that 
any A-algebra bound to V is then 1/-based. To show the existence of a \^-initial 
A-algebra part of the following result is needed (the remainder being required for 
the proof of Proposition 12.6.31 below). 

Lemma 2.6.1 An initial V-based A-algebra is V -initial. Moreover, a A-algebra 
is V -initial if and only if it is V -initial. 

Proof Proposition 12.5.31 and Proposition 12 . 3 . 21 imply that a V^-initial A-algebra is 
bound to V , and thus is a V^-initial A-algebra (since each A-algebra bound to V is 
F-based, and fixing V is of course the same as fixing V). This also shows that a 
A-algebra bound to V and which is a l^-initial A-algebra is V-initial. Conversely, 
let (X, p) be ^-initial, and let (X',p') be a \^-initial A-algebra (whose existence 
is guaranteed by Proposition 12.5.31) . By the first part of the proof {X' ,p') is then 
V^-initial. Therefore (X, and (X',j9') are isomorphic as A-algebras bound to V , 
and so they are also isomorphic as \^-based A-algebras. This implies then that 
(X, p) is itself V^-initial. □ 

The existence of a ^-initial A-algebra now follows from Proposition 12.5.31 and the 
first statement in Lemma [2.6.11 □ 

For the situation being considered here there is a result which corresponds to 
Proposition 12.4.21 A A-algebra (X, p) bound to V is said to be V -minimal if X 
is the only invariant family Y in (X, p) such that Yj^ = V . 

Lemma 2.6.2 A V -minimal A-algebra is V -minimal. Conversely, a V -minimal 
A-algebra bound to V is V -minimal. 

Proof Let (X, p) be a A-algebra bound to V . Then an invariant family Y satisfies 
Y\A = V\i and only if it contains V . This implies that (X, p) is l^-minimal if and 
only if it is \^-minimal. The result thus follows because a V"-minimal A-algebra 
is bound to V by definition. □ 

Proposition 2.6.3 The following are equivalent for a A-algebra (X,p).- 

(1) {X,p) is V -initial. 

(2) {X,p) is V -minimal and regular. 

(3) (X, p) is V -minimal and unambiguous. 
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Proof Let {X,p) be a A-algebra bound to V. Then by Lemma 12.6.21 {X,p) is 
\^-minimal if and only if it is ^^-minimal. Furthermore, (since Vb = for each 
b E B\A) {X, p) is regular if and only if it is \^-regular and unambiguous if and 
only if it is ^^-unambiguous. The result thus follows from Proposition 12.5.31 and 
the second statement in Lemma [2. 6. 1[ □ 

Proposition 2.6.4 // {X,p) is a V -minimal A-algebra then X^ = UfeG-ft't '^(Pk) 
for each b E B\A. Moreover, a graded A-algebra {X, p) is V -minimal if and only 
if Xb = UkeKt ^(Pfc) for each b e B\A. 

Proof This follows from Propositions 12.3.21 and 12.3.31 and Lemma 12.6.21 □ 

There is an obvious grading for the A-algebra {X,p) defined in Example 12.21 3. 
and it is thus easy to check that this algebra is K-minimal. It then follows that 
{X, p) is l^-initial, since it is also clearly unambiguous. 

Note that if {X^p) is a ^-initial A-algebra and 6 G 5 \ A is a primitive type 
then by Proposition 12.6.31 the mapping k Pki^) maps Kb bijectively onto Xb- 
(For the A-algebra {X,p) in Example I2.2[ 3 with primitive types atom, bool and 
int and this gives the obvious bijections between i^^atom = {Atom} and Xatom = I, 
between -ft'booi = {True, False} and Xtooi = B = {T, F} and between K^^t = Int 
and Xijit = Z.) 

It turns out that a \^-initial A-algebra has a seemingly stronger property than 
that of just being ^-initial: A A-algebra {X,p) will be called intrinsically free 
if for each A-algebra {Y, q) and each A-family of mappings g : X\a Y\a there 
exists a unique homomorphism vr : {X,p) (Y, q) such that ti\a = Q- 

Proposition 2.6.5 A A-algebra {X,p) bound to V is V -initial if and only if it 
is intrinsically free. 

Proof An intrinsically free A-algebra bound to V is clearly l^-initial and the 
converse follows immediately from Lemma [2.6. II and Lemma [2. 5. 4[ □ 

Proposition 2.6.6 Let {X,p) be a A-algebra and let U be an A-family of sets 
with U C X\A. Then there exists a unique U-minimal subalgebra {X,p) of {X,p). 

Proof Let {X,p) be the minimal subalgebra of {X,p) containing U (the trivial 
extension of U to B). Then by Lemma [2.3.41 X\ a = U, since Ka = for each 
a E A, i.e., {X,p) is bound to U. Moreover, {X,p) is [/-minimal, since if X' is an 
invariant family in {X,p) with X'^ = X\a then X' is an invariant family in {X,p) 

containing U and hence X' = X. Finally, if (Y,q) is any [/-minimal subalgebra 
of (X, p) bound to U then the 5-family X' = X (lY is invariant in {X, p) and 
contains U. Thus Y = X' = X , which gives the uniqueness of {X,p). □ 



Lemma 2.6.3 A A-algebra is initial if and only if it is 0-initial. 

Proof First note that a homomorphism between A-algebras bound to trivially 
fixes 0. Moreover, as already mentioned above, an initial A-algebra is bound to 
0, and therefore it is 0-initial. Conversely, let {X,p) be 0-initial and consider 
any A-algebra iY,q). Now the family Y' with y\B\A ~ '^\b\a and = is 
invariant in (Y, q) and the associated subalgebra {Y', q') is bound to 0, there thus 
exists a unique homomorphism vr : (X, p) — > {Y',q')- But tt is then the unique 
homomorphism from (X, p) to {Y, q) (it being unique because any homomorphism 
from {X,p) to (y, q) is also a homomorphism from {X,p) to {Y' , q')). Hence {X,p) 
is initial. □ 



2.7 Term algebras 

This section introduces what are called term algebras. These provide the simplest 
explicit examples of initial algebras, and they can be used as the basic components 
of a 'real' programming language. The main result (Proposition 12.7. ip is really 
just a version of the classical result of Lukasiewicz [10] concerning prefix or (left 
Polish) notation. Until further notice assume that A is an enumerated signature; 
the general case is dealt with at the end of the section. 

Let Z be a set; then the concatenation of two lists i, i' G Z* will be denoted by 
i i'. Thus i e = e i = i and if i = zi ■■■ Zm, = z[ ■■■ z'^ with m, n > 1 then 

£ £ Zi ' ' ' ZfYi Z-^ ' ' ' z^ . 

Concatenation is clearly associative, and hence if p > 1 and £i, . . . , £p & Z* then 
the concatenation of £ be denoted simply by £i ■ ■ ■ £p. This notation 

is clearly compatible with the notation being employed for the elements of Z* (in 
the sense that £ = zi ■ ■ ■ z^ & Z* can be considered as the concatenation of the 
n one element lists Zi, . . . , If z G Z and i E Z* then in particular there is 
the list z £ obtained by adding z to the beginning of the list £ (a list which is also 
being denoted by z < £). 

Let f2 be a set and T : K Q he a mapping. A A-algebra {Y, q) can then be 
obtained as follows: For each b E B put Yj, = f2*; if G is of type 6i ■ ■ ■ 6„ — 6 
(with n >0) then let : Ffe^ x ■ ■ ■ x Yj,^ Yb be the mapping defined by 

QkiVu ■■■,yn) = r(/c)yi ■■■yn 

for each (yi, ...,?/„) G Y;,, x ■■■ x Ff,^, i.e., qk{yi, ■ ■ ■ , ?/„) is the list obtained by 
concatenating the element r(A;) and the lists yi, . . . , yn- In particular, if k E K 
is of type e ^ h then qk{s) is just the list consisting of the single component 
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r(/c). (This is really just an instance of the construction described at the end of 
Section [221) 

Now let {E, □) be the minimal subalgebra of (Y, q), i.e., E is the minimal invariant 
family and \z\k is the corresponding restriction of qk for each k & K. This minimal 
A-algebra {E, □) is called the term A-algebra specified by T and F is then referred 
to as a term algebra specifier. By Proposition 12.3.2] it is clear that each element 
of Eh contains at least one component, i.e., e ^ Ef, for each b & B. 

The simplest example of this construction is with Q = K and with T : K ^ K 
the identity mapping: The term A-algebra specified by this mapping is called the 
standard term A-algebra. 

It turns out that the standard term A-algebra is initial. This is a special case of 
Proposition 12.7.11 below. 

Let r : K Q he a term algebra specifier and {E, □) be the term A-algebra 
specified by F. For each k e K let Xk '■ E^" x f2* — f2* be defined by 

Xk{v,a) = ak{v)a . 

Lemma 2.7.1 Suppose Q'(xfci) and 3(xfc2) o,re disjoint subsets of Q* whenever 
b & B and /ci, A;2 G Kb with ki ^ k2. Then {E, □) is initial. 

Proof By Proposition 12.4.21 it is enough to show {E, □) is unambiguous. But 

^(□fc) = XkiE'" X {e}) C %Xk) 

for each k & K; thus if ki, k2 G K), with ki ^ k2 then and 53(nfc2) are 

clearly disjoint. It therefore remains to show that 0^ is injective for each k & K, 
and for this the following lemma is required: 



Lemma 2.7.2 Suppose that the assumption in the statement of Lemma 2.7.1 is 
satisfied and let Xb '■ Ef, x ^* ^ ^* be defined by Xb(e, a) = ea. Then for each 
b E B the mapping Xb is injective. 

Proof For each b E B define a subset of Vt* by 

Gb = {e E Eb : e a E Ef, for some a E Q* with a e} 

and put G = IJ^eB ^b- Then, since Xb is injective if and only if Gb = 0, it follows 
that G 7^ if and only if Xb is not injective for some b E B. 

Suppose that G ^ and let m = min{|a| : a E G}, where \a\ denotes the 
number of components in the list a E Q*. There thus exists b E B, e E Eb and 
a E Q* \ {e} such that |e| = m and e' = ea E Eb. Now by Proposition 12.3.21 
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there exist k, k' G Ki, and f, v' such that e = and e' = □fc'(w'), and this 

imphes that Xk{v,a) = ea = e' = e'e = Xk'{v',e), which by assumption is only 
possible if k' = k. Let k be of type hi - ■ - hn — > h and put T{k) = a'. Thus if 

V = (ei, . . . , Cn) and v' = {e[, . . . , e^) then e = a' ei ■ ■ ■ e„ and e a = a' e[ - ■ ■ e'„. 
There must therefore exist 1 < j < n with 7^ e^- (and so in particular n > 0). 
Let i be the least index with Cj 7^ e- and let e be the shorter of the lists Cj and 
e-. But then e G Gf,- and |e| < |e|, which by the minimality of |e| is not possible. 

This shows that G = and hence that Xb is injective for each b E B. □ 

The proof of Lemma 12.7.11 can now be completed. Thus let G -ft" be of type 
bi---bn — > b and let v, v' G E'^ with \z\k{v) = \z\k{v'). This means that if 

V = (ei, . . . , e„), v' = {e[, . . . , e^) then T{k) ei ■ ■ ■ e„ = T{k) e[ - ■ ■ e'^. Consider 
1 < J < and assume Cj = for each i < j. Then 

and so by Lemma [2.7.11 Cj = e'y Therefore by n applications of Lemma [2.7.21 it 
follows that Cj = e'j for each j = 1, . . . , n; i.e., v = v'. This shows that n\k is 
injective. □ 

The term algebra specifier T : K ^ Q will be called locally injective if for each 
b E B the restriction of F to Kb is injective. (Of course, since K\a_ = 0, this 
is equivalent to requiring that the restriction of F to Kf, be injective for each 
beB\A.) 

Proposition 2.7.1 The term A-algebra (-E, □) specified by a locally injective 
specifier F is initial. 

Proof This follows immediately from the fact that T{k) is the first component of 
each element of Q'(xfc)? and hence the hypothesis of Lemma [2.7.11 is satisfied. □ 

Proposition 2.7.2 The standard term A-algebra is initial. 

Proof This follows from Proposition I2.7.1[ since the identity mapping used to 
specify the standard term A-algebra is trivially locally injective. □ 

If {E, □) is initial then the family E can be thought of, somewhat informally, as 
being defined by the following rules: 

(1) If A; G -fC is of type e —>■ b then the list consisting of the single component 
F(/c) is an element of Ei,. 

(2) If A; G is of type bi ■ ■ ■ bn b with n > 1 and Cj G Eb for each j then 
F(/c) ei ■ ■ ■ e„ is an element of Eb. 
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(3) Each element of Eb can be obtained in a unique way using finitely many 
applications of rules (1) and (2). 

These rules are just meant to be a rather imprecise statement of Proposition l2.4.11 
In the special case when (E, □) is the standard term A-algebra then E^ C K* for 
each b & B and the family E is defined by the following rules: 

(1) If A; G -ft' is of type e ^ b then the list consisting of the single component k 
is an element of Ei,. 

(2) If A; G -ft' is of type 6i ■ ■ • 6„ — * 6 with n > 1 and ej G Eh^ for each j then 
A; ei ■ ■ ■ e„ is an element of Eb. 

(3) Each element of E^ can be obtained in a unique way using finitely many 
applications of rules (1) and (2). 



Example 2. 7. 1 Consider the standard term A-algebra □) arising from 
the enumerated signature A in Example I2.2[ l. Then: 

-5'booi consists of the two elements True and False of K* . 

-Enat consists of exactly the following elements of -ft'*: 

Zero, Succ Zero, Succ Succ Zero, Succ Succ Succ Zero, .... 

-E'int consists of all elements of K* having the form n with n G Z. 
-E/pair consists of all elements of K* of the form Pair m n with m, n E 'E. 
(Each element of -Epair thus has exactly three components.) 
-E-iist consists of the element Nil plus all elements of K* having the 
form Consne with G Z and e G Eiist- For instance. 

Cons 42 Cons - 128 Cons Cons - 21 Nil 

is an element of E^^st- 



It will now no longer be assumed that A is enumerated. In order to apply the 
above results to A the problem of replacing the general signature A = [B, K, 0) 
with an 'equivalent' enumerated signature A' = [B, K, 0') must be considered. 
In order to carry this out fix for each /c G -ft' an enumeration of the elements in 
the set {k'^) = dom(A;'^): More precisely, choose a bijective mapping from [n^] 
to {k'^), where is the cardinality of {k'^)- There is then a mapping k ^ k° from 
K to B* given by k° = k^ o for each k E K, i.e., with 
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and the mapping Q' : K ^ B*xB with B' = {k°, k^). This defines an enumerated 
signature A' = [B, K, B'), which will be called the signature obtained from A and 
the family of enumerations i. 

Lemma 2.7.3 Let X be a family of sets and let k E K with k° = hi - ■ ■ ■ Then 
the mapping il : X'^^ Xiy^ x • • ■ x Xi,^^ given by 

^liv) = {v{ik{l)),...,v{ik{nk))) 
for each v E X^"^ is a bijection. 

Proof This is clear. □ 

Proposition 2.7.3 Let {X,p') be a A' -algebra and put p = p' o i* . Then {X,p) 
is a A-algebra. Conversely, if {X,p) is any A-algebra then there exists a unique 
A' -algebra {X,p') such that p = p' oi* . 

Proof This follows immediately from Lemma 12.7.31 □ 

If (X, p') is a A'-algebra and p = p'oi* then (X, p) is called the A-algebra associated 
with {X,p') and i. 

Proposition 12.7.31 says there is a one-to-one correspondence between A-algebras 
and A'-algebras. Moreover, Proposition 12.7.41 below implies that a A'-algebra has 
a property (such as being minimal or initial) if and only if the corresponding 
A-algebra also has this property. In this sense the signatures A' and A can be 
regarded as being equivalent. 

Proposition 2.7.4 Let {X,p') be a A'-algebra and let {X,p) be the A-algebra 
associated with {X,p') andi. Then: 

(1) (X, is minimal if and only if {X,p') is a minimal A'-algebra. 

(2) (X, p) is initial if and only if (X, p') is an initial A'-algebra. 

Proof (1) This follows from the easily verified fact that a family X is invariant 
in (X, p') if and only if it is invariant in (X, p). 

(2) This follows from (1) and Proposition 12.4.21 □ 

Now let F : ^ be a mapping, which will still be referred to as a term 
algebra specifier. Then P is also a term algebra specifier for the signature A', so 
let (i?, □') be the term A'-algebra specified by P. Put □ = □'02* (with i* given 
by Lemma [2.7.31) . This means that Ei, C Vt* for each b E B and for each k E K 
the mapping r^k : Eb is given by 

□fc(w) = T{k) v{ikil)) ■ ■ ■ v{ik{nk)) 

for each v E E^^ . Moreover, the family E can be regarded as being defined by 
the following rules: 



2.7 Term algebras 



45 



(1) If k & K with = e then the hst consisting of the single component T{k) 
is an element of Ek^. 

(2) li k & K with k^ ^ e and Cj G -Eb^. for j = 1, . . . , n^, where 6^ = k^{ik{j)), 
then r(/c) ei ■ ■ ■ is an element of E^^. 

(3) Each element of Ei, can be obtained in a unique way using finitely many 
applications of rules (1) and (2). 

The algebra {E, □) is called the term A-algebra specified by T and the family of 
enumerations i, or simply the standard term A-algebra defined by the family i in 
the special case when T : K —>■ K is the identity mapping. 

Lemma 2.7.4 The A-algebra {E, □) is initial if and only if [E, □') is an initial 
A' -algebra. 

Proof This follows from Proposition 12.7.41 (2), since by definition [E., □) is the 
A-algebra associated with (i?, □') and i. □ 

Proposition 2.7.5 If T is locally injective then {E,C3) is an initial A-algebra. 
In particular, the standard term A-algebra defined by any family of enumerations 
is initial. 

Proof This follows immediately from Proposition 12.7.11 and Lemma I2.7.4[ □ 

Of course, if the signature A is enumerated and the above constructions are 
applied with the family of identity enumerations i then the end-result is that 
nothing happens, since in this case A' = A. 

The final topic of this section considers the construction of term algebras when a 
further signature A' = {B', K', B') is given which is an extension of A. Suppose 
in what follows that T' : K' ^ Q' is a term algebra specifier which is an extension 
of a term algebra specifier T : K ^ Q in the sense that Q G Q' and r(A;) = r'(A;) 
for each k & K. 

Lemma 2.7.5 Assume that the signatures A and A' are both enumerated. Then 
the term A' -algebra specified by V is an extension of the term A-algebra {E, □) 
specified by F. 

Proof This follows from Lemma 12.7.61 because the A'-algebra corresponding to 
the A-algebra {Y, q) in the definition of {E, □) is an extension of (F, q). □ 
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Lemma 2.7.6 Let (Y, q) he a A.' -algebra which is an extension of a A-algebra 
{X,p), and let X he the minimal invariant family in {X^p) and Y the minimal 
invariant family in (Y, q). Then X C Y\b- 

Proof Let Y be any invariant family in (Y, q) and put Z = Y\b H X. Then the 
family Z is invariant in {X,p), since 

Pkiz'") c qkiY'^) n Xfc, c n x,, = z^, 

for each k & K. Thus X C Z and hence X gY. In particular, X C Y\b- □ 

Lemma 12.7.61 implies that the standard term A'-algebra defined by the family of 
enumerations i' is an extension of the standard term A-algebra defined by the 
family i. 



Chapter 3 
Bottomed algebras 



With the preparations made in Chapter [21 the next step in building a framework 
for specifying data objects will now be introduced. This involves the treatment 
of 'undefined' and 'partially defined' objects. 

In any programming language data objects are manipulated by algorithms, and 
in any non-trivial language it is an unavoidable fact that algorithms need not 
terminate. It is thus necessary to introduce an 'undefined' element for each type 
in order to represent this state of affairs. Moreover, depending on the language, it 
may also be necessary to have 'partially defined' data objects, for example a pair 
whose first component is defined but not the second, or a list in which only some 
of the components are defined. To deal with this situation bottomed algebras 
will be introduced. These are algebras containing for each type 6 G -B a special 
bottom element -Lb to denote an 'undefined' element of the type. 



3.1 Bottomed algebras and homomorphisms 

Let A = {B, K, B) be a signature which is considered to be fixed throughout the 
chapter; A will always denote the parameter set of A, i.e., A = {b E B : = 0} . 
A bottomed A-algebra is any pair {X,p) consisting of a i?-family of bottomed sets 
X and a i^-family of mappings p such that pk is a mapping from X'^" to Xk^ for 
each k E K. If {X,p) is a bottomed A-algebra and Xb is the underlying set of 
Xb for each b E B, then {X,p) is an 'ordinary' A-algebra which will be called 
the underlying A-algebra or just the underlying algebra. Following the convention 
made in Section fLT\ Xh will also be used to denote the underlying set Xb, which 
means that the underlying and the bottomed A-algebra will both be denoted by 
iX,p). 

If {X,p) is a bottomed A-algebra then the bottom element of Xb will (almost) 
always be denoted by Thus if (Y, q) is a further bottomed A-algebra then 
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the bottom element of Yf, will also be denoted by ±6, although it is not to be 
assumed that the bottom elements of Xf, and Yf, are the same. Recall that if Z 
is a bottomed set with bottom element _L then denotes the set Z \ {-L}; thus 
if {X,p) is a bottomed A-algebra then X'^ is the set Xb \ {-Lb} for each b e B. 

If {Y, q) is a A-algebra then a bottomed A-algebra {X,p) will be called a bottomed 
extension of (Y, q) if the underlying algebra of {X, p) is an extension of (Y, q) and 
J-b ^ Yb for each b & B. The simplest way to obtain bottomed A-algebras is 
a special case of a such an extension: Let (Y, q) be any A-algebra and for each 
b & B choose an element _Lb not in Yb. For each b & B put Y^^ — YbU {J-b}, 
and consider Yj^^ as a bottomed set with bottom element ±5. For each k E K let 



Then {Y^, q^) is a bottomed extension called the flat bottomed extension of (Y, g). 

A bottomed A-algebra {X.p) should be thought of a describing all data objects, 
both the basic defined objects and those in various degrees of not being defined. 
In particular, (X, p) will be a bottomed extension of a A-algebra (F, q) describing 
the defined data objects. However, it simplifies things to only work with 
without continually having to worry about {Y,q). On the other hand, it only 
makes sense to work with bottomed A-algebras which are bottomed extensions 
of suitable A-algebras. There is a simple condition ensuring that this is the case 
which will be introduced in the the following section (since it fits in better with 
the material considered there). 

If (X, p) and (F, q) are bottomed A-algebras then a bottomed homomorphism 
TT : (X, p) (Y, q) is a homomorphism of the underlying algebras such that the 
mappings in the family tt are all bottomed, i.e., Trb{-i-b) — -Lb for each b & B. 

We consider a set-up including the situation typical for open signatures, in which 
an A-family of bottomed sets V is given and the interest is then only in bottomed 
A-algebras {X, p) with X\a — V. 

Let V be an A-family of bottomed sets, which is considered to be fixed in what 
follows. A bottomed A-algebra {X,p) is said to be bound to V if X\a = V. Of 
course, if A is closed (i.e., ii A = 0) then there is only one 74-family of bottomed 
sets and any bottomed A-algebra is bound to it. 

Let U be an A-family of sets and let (Y, q) be a A-algebra fixing U. Then the fiat 
bottomed extension (F-*-, q-^) of (F, q) is a bottomed A-algebra fixing [/-*-, where 
— UaL} {-La} (considered as a bottom set with bottom element ±a) for each 
a E A. Conversely, a simple way to obtain a bottomed A-algebra fixing V is to 
construct a A-algebra (F, g) fixing V''^; the fiat bottomed extension of (F, g) is 
then a bottomed A-algebra fixing V. In Example 3.1.1 this method is employed 



qi : {Y^r 



Y^^ be given by 
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to obtain a bottomed A-algebra fixing a given A-family of bottomed sets witfi 
A tlie signature in Example I2.2[ 3. (Tlie A-algebra (Y, q) used in tlie example is 
essentially that occurring in Example 12. 21 3.) 



Example 3.1.1 Let A = {B,K,Q) be the signature in Example 12.21 3 
(so A = {x, y, z}) and let V be an A-family of bottomed sets. Then a 
bottomed A-algebra {Y, q) bound to V can be defined by letting 



all these unions being considered to be disjoint and Yi, being considered 
as a bottomed set with bottom element _Lb for each h ^ B\A, 

girue : I >booi with q-Yru^{e) = T, 
gpaise : I Ybooi with gFalse(£:) = F, 

gAtom : I ^atom Wlth gAtom(£^) = £, 

g„ : I ^ Fint with g„(£:) = n for each n G Z, 

Q'Palr 

■.Y^xYy^ Fpair with 



If {X,p) and {X',p') are bottomed A-algebras bound to V then a bottomed 
homomorphism vr : {X,p) — > {X',p') is said to fix V if 7ra(a;) = x for each a; G 14, 
a E A. Again, if A is closed then this imposes no requirement on a bottomed 
homomorphism. 



nool = = B U {±bool}, Kto. = = I U {±ato4, 

Fin, = = Z U Fpai. = {V^ X V;^) U {±pair}, 

Fiist = (K^)* u = (K^ X vj) u (K^)* u {±ip}, 

i; = K, i; = ^y, F, = 




gNii : I ^ Fiist with gNii(£) = 
: Y^ X Fiist ^ Fiist with 




m < s if 2; e and s G (K'')*; 
J-iist otherwise. 
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Proposition 3.1.1 (1) If {X,p) is a bottomed A-algebra bound to V then the 
B -family of identity mappings id : X —>■ X defines a bottomed homomorphism 
from {X,p) to itself fixing V. 

(2) If 7T : {X,p) —* (Y,q) and g : (Y,q) iZ,r) are bottomed homomorphisms 
fixing V then the composition go 71 is a bottomed homomorphism from (X, p) to 
{Z, r) fixing V. 

Proof This follows immediately from Proposition I2.2.1I □ 

Proposition 13.1.11 implies that there is a category whose objects are bottomed 
A-algebras bound to V with morphisms bottomed homomorphisms fixing V. A 
bottomed A-algebra {X,p) is called V -initial if it is an initial object in this 
category, i.e., if it is bound to V and for each bottomed A-algebra {X',p') bound 
to V there exists a unique bottomed homomorphism vr : {X,p) {X',p') fixing 
V. If A is closed then 'initial' will be used instead of 'V^-initial'. Thus in this 
special case a bottomed A-algebra {X, p) is initial if for each bottomed A-algebra 
there exists a unique bottomed homomorphism tt : {X,p) — > (X',p'). 

Proposition 3.1.2 There exists a V-initial bottomed A-algebra. 

Proof For the rest of the section let U be the i?-family of sets with U\a = V and 
f/f, = {-Lfe} for all 6 G -B\A; this 5-family will be called the ^--trivial extension of 
V to B (and note that U is considered just as a family of sets, and not as a family 
of bottomed sets). For each [/-based A-algebra (X, there is then an associated 
bottomed A-algebra, also denoted by (X, p), obtained by stipulating that ±6 be 
the bottom element of X^ for each b E B (with the bottom element of Va for 
each a e A). Conversely, the underlying algebra of a bottomed A-algebra bound 
to is a [/-based A-algebra. For the existence of a ^-initial bottomed A-algebra 
part of the following result is needed (the remainder being required for the proof 
of Propositions 13.1.31 and 13.1.41 below) . 

Lemma 3.1.1 The bottomed A-algebra associated with a U -initial A-algebra is 
V-initial. Moreover, a bottomed A-algebra is V-initial if and only if the underlying 
algebra is U-initial. 

Proof This is essentially the same as the proof of Lemma 12.6.11 □ 

The existence of a ^-initial bottomed A-algebra now follows from the first state- 
ment in Lemma 13.1.11 and from Proposition 12.5.21 □ 

For the present situation there is a result corresponding to Proposition 12.6.31 
which gives an explicit characterisation of \^-initial bottomed A-algebras. Before 
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preceeding, however, let us note that \^-initial bottomed A-algebras are rather 
special. For example, the fiat bottomed extension of an initial A-algebra is needed 
to describe the semantics of several programming languages, but it is almost 
never an initial bottomed A-algebra. In the following sections we will thus be 
considering a much larger class of bottomed algebras. 

Let {X,p) be a bottomed A-algebra. A family of sets Y with Y G X is said 
to be invariant in {X,p) if it is invariant in the underlying A-algebra, and it 
is bottomed if _Lft e Yj, for each b & B. A bottomed A-algebra (Y, q) is said to 
be a bottomed subalgebra of {X,p) if F C X as bottomed sets (i.e., F C X as 
sets with Yj, and having the same bottom element for each b E B) and is 
the restriction of pk to Y'^ for each k E K. In this case the family of sets Y 
is clearly bottomed and invariant. Conversely, let Y be any invariant bottomed 
family and for each k E K let q^ denote the restriction of pk to Y^" . Then (Y, q) 
is a bottomed subalgebra of (X, p) , regarding Y^ as a bottomed set with bottom 
element _Lb (the bottom element of X;,) for each b E B. If F is an invariant 
bottomed family then the corresponding bottomed subalgebra (Y, q) is called the 
bottomed subalgebra associated with Y. 

A bottomed A-algebra {X,p) bound to V is said to be V -minimal if X is the 
only invariant bottomed family X in {X,p) such that X\a = V. If A is closed 
then 'minimal' will be used instead of 'l^-minimal'. Thus in this special case a 
bottomed A-algebra (X, p) is minimal X is the only invariant bottomed family 
in (X,p). 

A bottomed A-algebra (X, p) is said to be strictly regular if the mapping pk is 
injective for each k E K and for each b E B \ A the sets $^(pfc), k E K^, form 
a partition of X^. Moreover, (X, p) is said to be strictly unambiguous if the 
mapping p^ is injective for each k E K and for each b E B the sets '^{pk)-, k E Kj,, 
are disjoint subsets of X^. The qualification 'strictly' is used here because we 
want to reserve 'regular' and 'unambiguous' for somewhat weaker properties to 
be introduced in Section [3l2l (As in Section [27il in the definition of being strictly 
unambiguous it would make no difference if B were replaced hj B \ A, since 
Ka = for each a E A.) 

Proposition 3.1.3 The following are equivalent for a bottomed A-algebra {X,p): 

(1) (X, p) is V -initial. 

(2) (X, p) is V -minimal and strictly regular. 

(3) (X, p) is V -minimal and strictly unambiguous. 

Proof The following fact will be needed: 

Lemma 3.1.2 A bottomed A-algebra (X, bound to V is V -minimal if and only 
if its underlying algebra is U -minimal. 
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Proof An invariant bottomed family X satisfies X^a = ^ if and only if it contains 
U. This implies that {X, p) is \^-minimal if and only if the underlying algebra is 
[/-minimal. □ 

Let {X, p) be a bottomed A-algebra bound to V. Then by Lemma 13.1.21 {X, p) 
is ^-minimal if and only if the underlying algebra is [/-minimal. Furthermore, 
(since Uh = {-Lfe} for each b E B \ A) {X,p) is strictly regular if and only if 
the underlying algebra is [/-regular and strictly unambiguous if and only if the 
underlying algebra is [/-unambiguous. Proposition 13.1.3] therefore follows from 
Proposition 12.5.31 and the second statement in Lemma [3.1.11 □ 

The result corresponding to Proposition 12.6.51 also holds for bottomed algebras: 
A bottomed A-algebra (X, p) will be called intrinsically free if for each bottomed 
A-algebra {Y, q) and each A-family of bottomed mappings q : X\a —>■ Y\a there 
exists a unique bottomed homomorphism vr : {X, p) — * (Y, q) such that 7T\a = Q- 

Proposition 3.1.4 A bottomed A-algebra bound to V is V -initial if and only if 
it is intrinsically free. 

Proof An intrinsically free bottomed A-algebra bound to V is clearly \^-initial 
and the converse follows immediately from Lemma 12.5.41 and Lemma 13.1.11 □ 

Lemma 3.1.3 Letn, q be bottomed homomorphisms from a V -minimal bottomed 
A-algebra (X,p) to a bottomed A-algebra {Y,q) with 7[\a = Q\A- Then it = g. 
In particular, if {Y, q) is bound to V then there exists at most one bottomed 
homomorphism from {X,p) to {Y.,q) fixing V . 

Proof This follows from Proposition 12.3.31 (1) and Lemma [3.1.21 □ 

In Section 12.31 a sufficient condition for a A-algebra to be minimal was given in 
terms of a grading. For a bottomed A-algebra (X, p) the definition of a grading 
has to be relaxed a bit: A B-family of mappings 7^ with : X;, — N for each 
6 G -B will be called a bottomed grading for (X, p) if #(,(±5) = for all 6 G -B 
and ij^k^r^ivirj)) < ij^kSVkiv)) for all rj G {k^) whenever v G X^"* is such that 
Pk{v) 7^ ^-k^. If there exists a bottomed grading then (X, p) is said to be graded. 

Lemma 3.1.4 If {X,p) is a graded bottomed A-algebra bound to V and 

X, = {U} U U 

for each b E B\A then (X, p) is V -minimal. 
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Proof Let # be a bottomed grading for (X, p) and let X be the minimal invariant 
bottomed family with X\a = V; suppose X X. There thus exists b & B \ A 
and X & Xh\ Xf, such that < jj^y{x') whenever x' G Xy \ Xy for some 

h' G B. In particular, x ^ ±b, since ±b G X^, and hence x G 55(pa:) for some 
k G Kfo. There therefore exists v G X'^ with x = Pk{v). But it then follows 
that ij^k^niyirj)) < 4^^k^{x) and hence that v{ri) G X^o^ for each r] G (/c'*) (by 
the minimality of ^b{x)). However, this implies x G Xt, since the family X is 
invariant, which is a contradiction. □ 

Proposition 3.1.5 If{X,p) is a V-minimal bottomed A- algebra then 

X, = U U Q{pk) 

keKi, 

for each b & B \A. Moreover, a graded bottomed A-algebra {X,p) bound to V is 
V-minimal if and only if this equality holds for each b & B \A. 

Proof This follows from Lemmas 13.1.21 and 13.1.41 and Proposition 12.3.11 □ 

For the rest of the section consider the case when A is the disjoint union of the 
signatures Aj, z G F (as defined at the end of Section 12.21) . For each i E F 
let {X\p^) be a bottomed Aj-algebra. Then the sum ©jgp'(X*,p*) is clearly a 
bottomed A-algebra. Moreover, if Ai is the parameter set of Aj and (X*,p*) is 
bound to the Aj-family of bottomed sets for each i E F then ©jgi?(X*,p*) is 
bound to the A-family V with Va = V^ for each a E A\. 

Proposition 3.1.6 If {X^,p^) is -minimal for each i E F then ©jgi?(X\p*) is 
V-minimal. 



Proof Straightforward. □ 
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Example 3.1.2 The following notation will be employed here (and also 
later): If Z is a set then bot {Z) denotes a disjoint copy of Z] the element 
in bot {Z) corresponding to the element z & Z will be denoted by z-^ (so 
bot(Z) = {z^ -.ze Z}). 

Let A be the signature in Example I2.2[ l and consider the bottomed 
A-algebra (Y, q) defined by 

Ybooi = = B U {J-booi}, 

l^at = N U bot (N) with 0^ = ±,at, 

^int = Z U {J-int}) ^air = ^int {-Lpair}) 

i^iist = U bot (i;;j with = ±ii3t, 
all these unions being considered to be disjoint and Yf, being considered 
as a bottomed set with bottom element _Lb for each 6 G -B, 

girue : I ^booi with qj^^^{e) = T, 

gpaise : I Ybooi with gFalse(£:) = F, 

gzero : I 'Ynat with gzero(£) = 0, 
: Kat ^nat with 



The reader is left to check that (Y, q) is an initial bottomed A-algebra. Of 
course, the underlying A-algebra is an extension of the A-algebra (X, p) 
introduced in Example I2.2[ l. 

Note that an element of Yi±st has either the form Xi - ■ ■ Xn or the form 
{xi ■ ■ ■Xn)'^, where n > and Xj G Z U {J-int} for j = 1, . . . , n. The 
element xi - ■ ■ Xn describes a 'real' list with n components (although some 
or all of these components may be 'undefined'). The element (xi ■ ■ ■ Xn)'^, 
on the other hand, should be thought of as a 'partial' list containing at 
least n components, of which the first n components are 'known' to be 

Xi , . . . , Xn- 




[n + 1)-*- if X 



72+1 if X 



n for some n G N, 
for some n G N, 



qn'.l^ Yint with qn{e) = n for each n eT^, 
gpair : ^int X ~^ Yp^ir with gpair(a;i,a;2) = (a;i,X2), 
gNii : I Yiist with qmi{e) = e, 
Yint X Fiist Yiist with 




Example 3.1.3 Again let A be the signature in Example 12.21 3 and let 
V be an A-family of bottomed sets. Then a bottomed A-algebra {Y, q) 
bound to V can be defined by letting 

Ybool = = B U {J-bool}, ^atom = = I U {J-atom}, 

Fint = = Z U Ypair = (K X V,) U {±pair}, 

I'list = V: U bot iy:) with = e^. 

^Ip = ^air U Viist U {_Lip}, 

K = K, = Fy, K = 
all these unions being considered to be disjoint and Yj, being considered 
as a bottomed set with bottom element _Lb for each h & B\A, 

girue : I >bool with gTrue(£) = T, 
gpalse : I >^bool with gFalse(£) = F, 
gAtom : I Yatom with gAtom(^r) = 

gn : I ^ ^int with gn(£^) = n for each n G Z, 
gpair : K X Fy ^ Ypair with gpair(a;,y) = {x,y), 
g„ii : I Yiist with gNii(£^) = 
■ Y-z. X Flist >^iist with 

, \ _ \ x<s if 2; = s for some s G V*, 
gconsla;, = I ^ if 2 = for some s^V*. 

qh ■ Yi^st Y^p with qi^{s) = s, 
qp ■ >^pair Y^p with qp{p) = p. 

The reader is left to show, making use of Proposition 13.1.31 that {Y, q) 
is a l^-initial bottomed A-algebra. 



3.2 Regular bottomed algebras 

A bottomed A-algebra (X, p) is said to be regular if for each h E B\A and each 
X G there exists a unique k & Kj, and a unique v G such that ]5fc(f ) = x. 
Regularity is essential if 'case' or 'pattern matching' operators (as they occur in 
all modern functional programming languages) are to be defined. It says that if 
b E B\A and x G X^ is not completely undefined then x can be constructed in a 
unique way by applying a constructor pk (with k G Kj,) to one of its arguments. 

Lemma 3.2.1 A strictly regular bottomed A-algebra is regular. Conversely, a 
regular bottomed A-algebra {X,p) is strictly regular if and only if -L^^ ^ ^{Pk) for 
each k E K. 
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Proof This is clear. □ 

By Proposition 13.1.31 each \^-initial bottomed A-algebra is strictly regular and 
hence by Lemma [3.2. II it is regular. Moreover, if (Y, q) is an initial A-algebra then 
the flat bottomed extension {Y-^, q-^) of {Y, q) is a regular bottomed A-algebra. 

Let us now look at the problem left over from the previous section of knowing 
when a bottomed A-algebra {X, p) is a bottomed extension of a suitable A-algebra 
{Y, q) describing the defined data objects. In practice it can be assumed that 
(Y, q) is [/-initial for some A-family of sets U and then (F, q) must be the unique 
[/-minimal subalgebra of the underlying algebra {X,p). Note that here U C X^j^, 
since ±a ^ for each a E A. 

A simple condition which, together with being regular, solves this problem is the 
following: A bottomed A-algebra (X, p) will be called \\-invariant if the family 
X'^ is invariant in the underlying algebra, i.e., if Pk{v) ^ -1^^ whenever v G is 
such that vij]) ^ ±fe[>^ for all t] G {k^)- In particular, a strictly regular bottomed 
A-algebra as well as any fiat bottomed extension is tj-invariant. 

Proposition 3.2.1 Let {X^p) he a regular \\-invariant bottomed K- algebra and let 
U be an A-family of sets with U C X^^. Then the unique U -minimal subalgebra 
{Y,q) of the underlying algebra {X,p) is U -initial and _L;, ^ Y;, for each h E B 
(and so in particular {X,p) is a bottomed extension of {Y,q)). 

Proof Let U be the trivial extension of [/ to i? (i.e., the i?-family of sets with 
U\A = U and U\b\a = 0)- The proof of Proposition 12.6.61 shows that Y is the 
minimal invariant family in the underlying A-algebra {X,p) containing U. But 
is also an invariant family in {X,p) containing JJ, and therefore Y C X\ i.e., 
-Lf, ^ Yb for each b E B. Now, since {X,p) is regular and Y C X\ it follows that 
qk is injective for each k E K and that the sets '^{qk), k E Kf,, are disjoint subsets 
of Yfc for each b E B\A. Hence (Y, q) is unambiguous, and so by Proposition [223] 
it is [/-initial. □ 

Note the following special case of Proposition 13.2. It If the signature A is closed 
(i.e., ii A = 0) and {X^p) is a regular t]-invariant bottomed A-algebra then the 
unique minimal subalgebra (F, q) of the underlying algebra (X, p) is initial and 
J-b ^ yj, for each b E B (and so in particular {X,p) is a bottomed extension of 

Recall that if X and Y are bottomed sets then a bottomed mapping f : X —>■ Y 
is said to be proper if f{X^) C Y^ (i.e., if f{x) 7^ ±y for all x G X \ {-Lx})- A 
bottomed homomorphism is called proper if it is a family of proper mappings. 

Lemma 3.2.2 Let {X,p), {Y,q) be bottomed A-algebras with {Y,q) \\-invariant 
and suppose there exists a proper bottomed homomorphism vr : (X, — * {Y,q). 
Then (X, p) is also \\-invariant. 
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Proof This follows from Lemma [2 .3 .11 (2). since Xl = n;\Y^) for each beB. n 

The rest of the section is taken up with the statement and proof of a somewhat 
technical result which, however, plays a crucial role in the next section. In what 
follows let V be an A-family of bottomed sets, let {H, o) be a bottomed A-algebra 
and let a : V ^ H\a be an A-family of proper bottomed mappings. A bottomed 
A-algebra {X,p) bound to V is said to be classified by {H, o) and a if there exists 
a proper bottomed homomorphism tt : — »• {H,o) with n\A = o. 

Proposition 3.2.2 There exists a V -minimal regular bottomed A-algebra which 
is classified by {H,o) and a. Moreover, any such bottomed A-algebra {X,p) is 
an initial object: For each bottomed A-algebra {Y, q) bound to V and classified by 
[H, o) and a there exists a unique bottomed homomorphism vr : {X, p) {Y, q) 
fixing V . 

Proof This occupies the rest of the section. □ 

It is useful to define a bottomed A-algebra (X, p) to be unambiguous if for each 
b & B and each x E X^ there exists at most one k E with x G ^{pk) 
and, moreover, if there is such a k then there exists at most one v E X^'' with 
X = Pkiy). In particular, any regular bottomed A-algebra is unambiguous. 

Lemma 3.2.3 A V -minimal bottomed A-algebra is unambiguous if and only if 
it is regular. 

Proof This follows from the first statement in Proposition 13.1.51 □ 

Lemma 3.2.4 There exists a V-minimal regular bottomed A-algebra which is 
classified by {H, o) and a. 

Proof By Proposition 13.1.21 there exists a l^-initial bottomed A-algebra (Z, r) 
and by Proposition 13.1.41 there then exists a unique bottomed homomorphism 5 
from (Z, r) to (if, o) such that 5\a = o . Put 



for each b E B\ hence Z' is a 5-family of bottomed sets with Z'^ = V . For each 
k E K define a mapping : Z^'' Zk^ by letting 



Zl = {zEZ,: 5,{z) ^ U {±4 
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Then {Z, r') is a bottomed A-algebra bound to V", and it is easy to see that (Z, r') 
is unambiguous (since by Proposition 13.1.31 (Z, r) is unambiguous and li z & Z\ 
with z = r^(f) then also z = rk{v)). Moreover, Z' is an invariant bottomed 
family in {Z,r'), since 3(r^) C Z'j,^ for each k E K. 

Let X be the minimal invariant bottomed family in (Z, r') with = V , and 
let (X, p) be the associated bottomed subalgebra (so pk '■ is the 

restriction of to X'^^). Then {X,p) is a bottomed A-algebra bound to V, and 
by construction it is l^- minimal. But {X,p), being a bottomed subalgebra of the 
unambiguous bottomed A-algebra {Z,r'), is itself unambiguous, and therefore 
by Lemma [3.2.31 {X,p) is regular, i.e., {X,p) is a l^-minimal regular bottomed 
A-algebra. Note that X C Z', since Z' is an invariant bottomed family in {Z,r') 
with = V. 

For each b E B let TCb : Xb ^ be the restriction of 5h to X^. Then tt;, is a proper 
bottomed mapping, since if x G then a; G and so Tth{x) = 5b(x) ^ ±5. 

Moreover, 7r|^ = a. The proof will therefore be completed by showing that tt is 
a homomorphism from {X,p) to {H,o). Thus consider k E K and f G X'^ . If 
rfc(t') G then r^(f) = ^"^(f) and in this case 

T^kMv)) = hSr'kiv)) = SkSrkiv)) = OkiS''\v)) = Oki7i''\v)) . 

On the other hand, if rk{v) ^ Zj^^ then 6k^{rk{v)) = and r^(f) = J-fc<i, and 
hence also Sk^{r[{v)) = and so it again follows that 

T^k^iv)) = SkMv)) = = Sk,irk{v)) = Oki6''\v)) = Ofc(7r^'(t;)) . 

This shows that T!'k^{pk{v)) = Ok^n^" (v)) for all v G X^", k E K, i.e., vr is a 
homomorphism from {X,p) to {H,o). □ 

For the moment let us just assume that (X,p) is a l^-minimal regular bottomed 
A-algebra. 

Lemma 3.2.5 There exists a unique B-family of mappings # with : X^ ^ N 
for each b E B such that #a(a^) = for each x E X^, a E A, j^b{-^b) = for each 
b E B , and for each k E K 

^k>iPkiv)) = 1 + max{#fc>^(f (77)) : r] E {k'')} 

for all V E X'^" with Pk{v) 7^ -Lfc^ (the maximum being taken to be if k^ = e). 

Proof This is very similar to the proof of Lemma 12.4.51 We give the proof in 
full, however, because Lemma 13.2.51 is the key to the proof of Proposition 13.2.21 
The family # will be obtained as the limit of a sequence {#™'}m>0; where 
is a S-family of mappings with : X;, — > N for each b E B. First define 



3.2 Regular bottomed algebras 



59 



#1) = for each be B. Next suppose the family has already been defined for 
some m G N. Then, since (X.p) is a regular bottomed A-algebra, there exists a 
unique family of mappings such that H^^^^{x) = for each x G Xa, a E A, 

= for each b e B, and for each keK 

n>'\Pk{v)) = 1 + max{#^>^(^(r7)) : G (^^)} 

for all I) G X'^" with Pfe(i') 7^ -Lk^ (the maximum being taken to be ii k'^ — e). 
By induction this defines the family for each m G N. 

Now < #"^+^ holds for each m G N: By definition = = for 

each X G X„, a G A, and #^(^6) = #r^^(^6) = for each b e B; also #° < #1 
holds by definition. But if < ^'"+^ for some m G N and keK then 

< 1 + ma^{#r4^(^(r7)) : V e r)} = ¥C\Pk{v)) 

for aU V G X^^ with pfc(f) ^ X^^. This implies that < for all 

a; G Xj, 6 G and hence that < #"^+2. Thus by induction < #"^+1 

for each m G N. 

Moreover, the sequence {#™(a^)}m>o is bounded for each x G X^, b e B: Let X^ 
denote the set of those elements x G X^ for which this is the case. Then X' is 
bottomed, = y, and it is easily checked that the S-family X' is invariant, 
and hence X' — X, since {X,p) is ^-minimal. 

Let x G Xb] then by the above {#6^(3:) }m>o is a bounded increasing sequence 
from N, and so there exists an element H^b{x) G N such that = for 

all but finitely many m. This defines a mapping 7^5 : X5 ^ N for each b E B, and 
it immediately follows that the family ^ has the required property. It remains 
to show the uniqueness, so suppose is another i?-family of mappings with this 
property. For each b e B let Xj^ — {x E Xi, : #5(2;) = #6(2^)}; then X' is clearly 
an invariant bottomed family with X'^j^ — V, and hence X' — X, since {X,p) is 
^-minimal. □ 

In what follows again let (Z, r) be a fixed ^-initial bottomed A-algebra, and let 
A be the unique bottomed homomorphism from {Z,r) to {X,p) fixing V. 

Lemma 3.2.6 There exists a unique family of bottomed mappings g : X ^ Z 
fixing V and such that for each keK 



for all V e X''^ withpk{v) 7^ _Lfe^. Moreover, Xb{Qb{x)) — ^ for all x G Xi,, b e B. 
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Proof Let # be the family of mappings given by Lemma 13.2.51 and for each 
b e B, m eNlet X"^ = {x e : = m}. Define on for each h e B 

using induction on m. If x G X° then either 6 G A or x = _Lf„ in which case put 
Qb{x) = X. Now let m > and suppose Qc is already defined on X^ for each c & B 
and for all k < m. Let x G X™; then in particular b E B\A and x E X^ and so 
there exists a unique k E and a unique element f G X'^^ such that x = Pk{v). 
Moreover, v{t]) G for some with < m, which means that ^fe>,y(f (?])) is 
already defined for each rj G (fc'*). It thus makes sense to put Qbix) = rb{g'''^{v)) 
(where of course q^^ {v) is the element v' G Z^" with v'{ri) = ^fc>r,(f (//)) for each 
rj G {k'^))- In this way Qf, is defined on for each m G N and the family g 
has the required property by construction. The uniqueness of the family g also 
follows using induction on m. 

Finally, for each 6 G -B let X^ = {x G X^ : Xb{gb{x)) = x}; then X'^ = V and the 
family X' is bottomed. Moreover, it is also invariant. (Let k E K and v G X'^" 
with u(?7) G X([>^ for each 77 G (fc'^); put x = pfc('f^)- If x = then x G X(^ 
holds immediately. On the other hand, if x G X^^ then pk{v) 7^ -Lk^; in this case 
0kS^) = "Tkig^^ {v)) and hence, since Afci>,;(f?,,(f (r^))) = f (r^) for each -q G (fc'^) and 
so by Lemma 12701 (2) X^'' {g^'' {v)) = v, it follows that 

Ki^kA^)) = Kinig'^^v))) = Pfe(A^'(/'(t;))) = pk{v) = X . 

Thus in both cases x G X^ .) But (X, p) is V^-minimal and thus X' = X, i.e., 
A6(f?fe(x)) = X for all x G X;,, b E B. □ 

Now let (y, g) be any bottomed A-algebra and let r : ^ Y\a be any family 
of bottomed mappings. By Proposition 13.1.41 there exists a unique bottomed 
homomorphism /i : {Z,r) O^jQ) such that fi\A = t- Let M, N (Z Z he the 
families defined by Mb = {z E Zb : Xbiz) = -Lb} and Nb = {z E Zb : fib{z) = J-b} 
for each b E B. 

Lemma 3.2.7 Let g : X —>■ Z be the family defined in Lemma l3. 2. 61 If M G N 

then uj = fi o g is a bottomed homomorphism from {X,p) to (Y, q) with uj\a = t. 
Moreover, uj is the unique such bottomed homomorphism. 

Proof Let k E K and v E X^""; then by Lemma 1!^. 1.31 (2) 

qk{uj^\v)) = qk{li^\g^" iv))) = /ife,(rfc(/'(t;))) . 

\ipk{v) i- then uJkXVk{v)) = ^kXQkXVk{v))) = Hk^irk{g''^ {v))), and so in this 
case ujk^{pk{v)) = qk{uj''^ {v)) . B ut if Pfc (^) = -Lfe^ then Afc>r,(^'fc>^('f (??))) = v{ri) for 
each rj E {k'^) and so by Lemma [2.1.31 (2) {g'^ {v)) = v, thus 



XkAn{g''\v))) = pf,{x''" {g>'" (v))) = pk{v) = u. 



3.2 Regular bottomed algebras 



61 



which means that rk{g'^'' (v)) G M^^. Therefore IJ^kS^kid^" {v))) = J-fc^, since 
Mk^ C Nk^, and again 

This shows that is a homomorphism, and it is clear that u is bottomed and 
that LJ\A = T- The uniqueness follows from Lemma I3.1.3I □ 

Suppose now that {X, p) is a V^-minimal regular bottomed A-algebra classified by 
{H, o) and a and that (Y, q) is any bottomed A-algebra bound to V and classified 
by (if, o) and a. Suppose further that r = id, and so /i : {Z, r) — > (y, q) is the 
unique bottomed homomorphism fixing V . 

Lemma 3.2.8 With the above assumptions M = N. 

Proof Again let S : {Z, r) — > {H, o) be the unique bottomed homomorphism such 
that 6\A = <y and let L C 2' be the family with = {z & Zb : Sb{z) = -Lb} for 
each h E B. Now by definition there exists a proper bottomed homomorphism 
TT : {X,p) —>■ (if, o) such that n\A = a, and by Proposition 13 . 1 . 11 (2) tt o A is then 
a bottomed homomorphism from {Z,r) to {H,o) with 7ra(Aa(z)) = TTa{z) = CTaiz) 
for each z G Za, a E A. But 5 is the unique such homomorphism and hence 
5 = vroA. In particular, M = L, since vr is a family of proper bottomed mappings. 
In the same way N = L and therefore M = N. □ 

Proof of Proposition \3.2.S\ This follows from Lemmas 13.2.41 13.2.71 and 13.2.81 □ 

To end the section consider the case when A is the disjoint union of the signatures 
Aj, i G F (as defined at the end of Section [2^21) . 

Proposition 3.2.3 For each i E F let (X*,p*) be a regular bottomed Ai- algebra. 
Then the sum ©jgi7'(X*,p*) is regular. 



Proof Straightforward. □ 
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In this section we introduce the concept of a head type, which is a simple kind of 
bottomed A-algebra. Head types will be used to classify the bottomed A-algebras 
which typically arise when dealing with functional programming languages. The 
main result is Proposition 13 . 3 . It this is just a special case of Proposition 13.2.21 In 
particular, the set-up considered includes as special cases flat bottomed extensions 
and l^-initial bottomed algebras. 

Let ± and \\ be distinct elements and regard T = {±, \\\ as a bottomed set with 
bottom element X. A bottomed A-algebra {H,o) will be called a head type if 
Ha = T for each a & A. Note that if V is any A-family of bottomed sets and 
{H, o) is a head type then there is a unique A-family of proper bottomed mappings 
a:V ^ H\A. 

If (iJ, o) is a head type then a bottomed A-algebra (X, p) is said to be a bottomed 
A-algebra associated with {H,o) or, more simply, to be an {H,o)-algebra if there 
exists a proper bottomed homomorphism from (X, p) to {H, o) . 

In the context of programming languages the choice of a head type can be seen 
as a design decision for the language being considered. We will usually assume 
that a head type {H,o) is given and then only be interested in (i/, o) -algebras. 

Proposition 3.3.1 Let {H,o) be a head type and V be an A-family of bottomed 
sets. Then there exists a V -minimal regular {H,o)-algebra. Moreover, any such 
{H,o)-algebra is an initial object in the full subcategory of {H,o)- algebras bound 
to V. 

Proof This is just a special case of Proposition 13.2.21 since a bottomed A-algebra 
bound to V is an (if, o)-algebra if and only if it is classified by (if, o) and the 
unique A-family of proper bottomed mappings a -.V H\a. □ 

Lemma 3.3.1 A bottomed subalgebra {Y,q) of an {H,o)-algebra {X,p) is itself 
an {H, o) -algebra. 

Proof If TT : (X, p) — s> (if, o) is a proper bottomed homomorphism and Qb is the 
restriction of TCb to Yb for each b ^ B then p is a proper bottomed homomorphism 
from (F, g) to (ii, o). □ 

Proposition 3.3.2 A bottomed A-algebra which is an [H .,<>)- algebra for some 
\\-invariant head type {H,o) is itself \\-invariant. 
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Proof This follows immediately from Lemma 13.2. 21 □ 

A head type {H,o) will be called simple if Hi, = T for each b E B. Let {H,o) 
be a simple head type and {X,p) be a bottomed A-algebra. Then there is only 
one y4-family of proper bottomed mappings e : X ^ H, namely with eb{-\-b) = -L 
and €b{x) = t] for all x G X^, b G B. Thus (A,p) is an (iJ, o) -algebra if and only 
if this family e is a homomorphism from {X,p) to {H,o). 

If {H,o) is a simple head type then we usually just write o instead of {H,o). 

Each flat bottomed extension of a A-algebra and each strictly regular bottomed 
A-algebra is associated with a simple head type: Let Hb = T for each b E B and 
for each k E K let o-^ : —>■ H^^ be the mapping defined by 



where [\'^ is the element of the set H^" defined by [\^{r]) = t] for each t] G (A;^), and 
let : H'^" — i> Hk^ be given by o^(f) = \\ for all v G H''" . Then and o'' are 
both tj-invariant head types and the following holds: 

Proposition 3.3.3 (1) A bottomed A-algebra is a o^-algebra if and only if it is 
the flat bottomed extension of some A-algebra. 

(2) A bottomed A-algebra {X,p) is a o^-algebra if and only if Pk{v) ^ _Lfc^ for 
all V G X^ , k E K. In particular, each strictly regular bottomed A-algebra is a 
o^-algebra. 

Proof (1) If {X,p) is a o-'--algebra then by Proposition 13.3.^ A^ is invariant in 
(A, p) , and it is easy to check that (A, p) is then the flat bottomed extension of 
the subalgebra associated with A^ Conversely, the fiat bottomed extension of a 
A-algebra is clearly a o-'--algebra. 

(2) This is clear. □ 



Example 3.3.1 The bottomed A-algebra {Y,q) given in Example 13.11 2 is 
a V^-minimal regular o-'--algebra. 

The bottomed A-algebra {Y,q) in Example 13.11 3 is a V^-minimal regular 
o^-algebra. 



Besides and there are two further simple head types which should perhaps 
be mentioned: One is the 'degenerate' head type o'', where is the constant 
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mapping with value _L for each k E K (and so in particular o'' is not t]-invariant). 
A bottomed A-algebra (A, p) is clearly a o''-algebra if and only if pk{v) = _Lfc^ for 
all V e A*^', keK. Of course, such algebras are of little practical use. 

Now for the fourth head type: A type b E B is called a product type if Kh consists 
of exactly one constructor name k with {k'^) containing at least two elements and 
k'^T] 7^ b for each t] G {k'^)- (In the signature A in Example 12.21 3. for instance, 
pair is a product type.) Define a simple head type o"^ by letting 

1^ J if /c is the single constructor for some product type, 
\ otherwise, 

where if k E K with k^ ^ e then : H'^'' — > H^^ is given by 

o( \ _ j if ^(^) = t] for at least one r] G (P), 
1^ ± otherwise. 

Then o"^ is a t]-invariant head type which is sometimes used instead of o''. The 
reason for perhaps preferring o'^ to is that it provides more 'natural' bottomed 
products. This can be seen by looking at Example 3.3.2 and comparing it with 
Example EH 2. 

It is worth noting the following two explicit cases of Proposition 13.3.11 Let V be 
an y4-family of bottomed sets. 

Proposition 3.3.4 The flat bottomed extension of any V^-initial A-algebra is a 
V -minimal regular o-^-algebra. Furthermore, each V -initial bottomed A-algebra 
is a V -minimal regular o^-algebra. 

Proof This is left for the reader. □ 



Example 3.3.2 Let A = {B,K,Q) be the signature in Example [2213 
(so A = {x, y, z}) and let V be an A-family of bottomed sets. Define 
a bottomed A-algebra {Y, q) bound to V exactly as in Example I3.1[ 3 
except that Ypair is now defined to be 

K X with ±pair = (±x, ^y) 

(instead of being K x Vy U {±pair }) • The reader is left to show that (F, q) 
is a ^-minimal regular o "^-algebra. 



There is a condition, being t]-stable, which plays an important role in Chapter [5] 
and which is strongly related to a certain class of simple head types. A bottomed 
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A-algebra (Y,q) is called \\-stahle if whenever k E K and wi, V2 E Y'^" are such 
that qk{vi) e Y^_^ and V2{r]) G F^l^ for all r] E {k^) with Vi{'q) E F^l^ then 

also qk{v2) E Y^^. Expressed in terms of the contraposition, this says that if 
<ik{y2) = J-fc<, and vi is at least as bad as V2 in the sense that Vi{ri) = ±fc>^ 
whenever ^2(^7) = -Lfc^r? then it must also be the case that qk{vi) = A head 
type is said to be \\-stable if it is a t]-stable bottomed A-algebra, and in particular 
the simple head types o-*-, o'' and o"^ are all ^-stable (as well as the degenerate head 
type o**). The following result shows that t]-stable algebras are not as intractable 
as it might first appear. 

Proposition 3.3.5 // {H,o) is a \\-stahle head type then any {H,o)-algebra is 
\\-stahle. Conversely, each \\-stahle bottomed A-algebra is a o-algebra for some 
\\-stable simple head type o. 

Proof Let {H, o) be a t]-stable head type and {Y, q) be a (if, o)-algebra; there thus 
exists a proper bottomed homomorphism vr : (V, g) — > {H,o) Let Vi, V2 E Y^ 
with qk{vi) E Y'^^ and such that V2{'q) E Y^^^ for all rj E (F) with Vi{7]) = Y^^^. 
Put Wi = tt'^^^i), W2 = it'''' {V2); then Wi, W2 E H'^" with Ok{wi) = iTk^iqkivi)) 
and Wi{r]) = Tik>ri{vi{'r])) for all rj E {k^), i = 1, 2. Therefore Ok{wi) E and 
W2{'r]) E hIc>.^ for all 77 E (/c^) with Wi(r]) E H\^^ and, since {H,o) is t]-stable, this 

implies that vrfc^(gfc(f2)) = Ok{w2) E hI^. Hence qk{v2) E Y^^ and thus {Y,q) is 
tj-stable. 

Conversely, suppose (F, q) is t]-stable, for each h E B \et Hi, = T and : Yf, ^ i/^ 
be the mapping with eh{^h) = -L and £biy) = t] for each y E Y^. Let A; G i^; if 
fi, V2 E Y^^ with e'^" [vi] = e'^ (^2) then, since {Y^q) is t]-stable, it follows that 
<^kMk{vi)) = ekMk{v2))- There thus exists a mapping Ok : H^" Hk^ such 
that Ofc(e^ (t>)) = Sk^^qkiy)) for each v E Y^ . Moreover, under the additional 
condition that Ok{w) = \\ for each w E \ '^{e^ ), this mapping is unique. 
(Note that the additional condition is needed if the mapping e^" is not surjective, 
which is possible if Yf, = {-L;,} for some h E B.) Then o is a simple head type 
and by construction (F, q) is a o-algebra. Furthermore (if, o) is t]-stable: This is 
more-or-less clear if the mapping 6^ is surjective for each b E B. The general case 
is left for the reader. 

Proposition 3.3.6 Let {H,o) be a \\-stable head type and V be an A-family of 
bottomed sets. Then any V -minimal regular {H,o) -algebra {X,p) is intrinsically 
free: For each {H,o)-algebra (Y,q) and each family t : V Y\a of bottomed 
mappings there exists a unique bottomed homomorphism tt : (X, p) — > {Y, q) with 

TT\A = T. 

Proof As in the proof of Proposition 13.2.21 let {Z, r) be a K-initial bottomed 
A-algebra, let A be the unique bottomed homomorphism from {Z,r) to {X,p) 
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fixing V and let fi : {Z, r) {Y, q) be the unique bottomed homomorphism 
such that = T. Moreover, again let M, N d Z he the famihes defined by 
Mft = {z G Zfo : \b{z) = and Nf, = {z E Zb : ^b{z) = -Lb} for each b E B. 
Then by Lemma 13.2.71 it is enough to show that M G N. Moreover, the proof of 
Lemma 13.2.81 showed that M = L, where Lb = {z E Zb : Sb{z) = -Lb} for each 
b E B and where 6 : {Z, r) —>■ {H, o) is the unique bottomed homomorphism such 
that 6a{z) = \\ for all z eV!^, a E A, 

Now by assumption there exists a proper bottomed homomorphism a from (F, q) 
to {H,o). Thus 7 = a o /i : {Z,r) {H,o) is a bottomed homomorphism and 
= L', where L'f^ = {z E Zb : 7fe(2) = -Lb} for each b E B (since the mappings in 
the family a are proper). For each 6 G -B let 

Db = {z E Zb : %{z) = ±b whenever 6b{z) = ±b} ] 

then the family D is bottomed and D\a = V, since La = {-La} for each a E A. 
Moreover, D is invariant in {Z,r): Let k E K and v E ; for each rj E (k^) we 
then have j^''{v){r]) = jk>rj{v{r])) = ±k>rj whenever 6''''{v){r]) = 5fc>,,(f (77)) = ±k>7j 
and thus jk^{rk{v)) = Ok^-f^" (v)) = whenever 6k^{rk{v)) = 0^.(5'=^ (t;)) = _Lfc^, 
since {H,o) is t]-stable, i.e., rk{v) E Dk^. Therefore D = X, since {X,p) is 
^-minimal (by Proposition 13. 1 .3"]) . and this implies that M = L G L' = N. □ 

As usual we end the section by considering the case when A is the disjoint union 
of the signatures Aj, i E F. Let {H, o) be a head type for the signature A. Then 
by Lemma r2.2.1l {H,o) = (BieriH^o^), where W = H^Bi and o* = Oj^. for each 
i E F, and clearly (if*,o*) is a head type for the signature A,. 

Proposition 3.3.7 For each i E F let {X\p^) be an {H\o^) -algebra. Then the 
sum ©jgi7(X*,]9*) is an {H,o) -algebra. 

Proof This follows immediately from Lemma I2.2.2[ □ 

Note that if {H, o) is tj-invariant (resp. tj-stable) then so is {H^, o*) for each i E F. 
Moreover, the same holds for the property of being a simple head type. 



Chapter 4 

Partially ordered sets 



In this chapter we present those basic facts about partially ordered sets which 
will be needed in the subsequent chapters. Section 14.11 gives some elementary 
results about bottomed partially ordered sets (posets). Then in Section [^^2] the 
corresponding results for complete posets are presented. Section discusses the 
initial completion of posets and their relation to what are called algebraic posets. 
The presentation in Section more-or-less follows that in Wright, Wagner and 
Thatcher [7]. Initial completions are really just ideal completions, a concept that 
goes back to Birkhoff [2] (which was first published in 1940). 

The use of complete posets as a tool for dealing with the denotational semantics 
of programming languages was originated by Dana Scott in the late sixties. The 
reader interested in finding out more about this topic should consult Scott and 
Gunter [TB]; an account of its origins can be found in Scott [TS]. 

4.1 Bottomed partially ordered sets 

A partial order □ on a set X is a binary relation satisfying: 

(1) X C X for all X G X. 

(2) If xi C X2 and X2 ^ Xi then xi = X2. 

(3) If xi □ X2 and X2 ^ X3 then xi C X3. 

If □ is a partial order on a set X then there can be at most one element _Lx ^ X 
with ±x ^ X for all x G X. If such an element _Lx exists then □ is said to be 
a bottomed partial order and (X, □) is said to be a bottomed partially ordered set 
with bottom element -Lx- Bottomed partially ordered sets will always be referred 
to simply as posets in this study. The reader should be warned, however, that 
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the existence of a bottom element is not usually taken to be part of the definition 
of a poset. 

We mostly just write X instead of [X, C) and assume C can be determined from 
the context. Something like 'X is a poset with partial order or is the partial 
order on X' can be employed when it is necessary to refer to the partial order 
explicitly. It is useful to consider the set I as a poset (naturally with respect to 
the unique partial order on I). 

If Xi and X2 are posets then a mapping h : Xi ^ X2 is said to be monotone if 
h{x) ^2 h{x') for all x, x' G Xi with x x' (where is the partial order on Xj 
for j = 1, 2 ). A monotone mapping h to be bottomed (or strict) if /i(-Li) = -L2- 

Proposition 4.1.1 (1) For each poset X the identity mapping idx : X ^ X is 
monotone. 

(2) If Xi, X2, X3 are posets and g : Xi X2 and h : X2 ^ X3 are monotone 
mappings then the mapping h o g : Xi X^ is also monotone. 

Proof This is clear. □ 

Proposition 14. 1. ll implies there is a category whose objects are posets and whose 
morphisms are monotone mappings. This category will be denoted (along with 
its objects) by Posets. Note that the morphisms in Posets are not assumed to be 
bottomed. 

A monotone mapping h : Xi X2 is said to be an order isomorphism if it is 
an isomorphism in the category Posets, i.e., if there exists a monotone mapping 
g : X2 Xi such that g o h = idx^ and h o g = idx2 ■ is clear that an order 
isomorphism is bottomed. An order isomorphism is of course a bijective mapping, 
but the set-theoretic inverse of a bijective monotone mapping h : Xi ^ X2 need 
not be monotone (even if Xi and X2 are sets with only three elements). 

If X is a poset with bottom element ±x then the bottomed set {X, ±x) will be 
referred to as the underlying bottomed set of X. This bottomed set will usually 
also be denoted just by X, the particular usage of the symbol X being determined 
by the context. If X is a bottomed set with bottom element _Lx then by a partial 
order □ on X is meant a partial order on the set X with ±x ^ x for all x G X. 

A poset X is said to be fiat if xi C X2 if and only xi G {-Lx,X2}. Such a poset 
is of course determined uniquely by its underlying bottom set, and if X is a 
bottomed set then the partial order defined in this way will be referred to as the 
fiat partial order on X. 

If X is an S-family of posets then, unless something explicit to the contrary is 
stated, the partial order on X^ will always be denoted by and the bottom 
element by J.^ for each s E S. If X is a finite ^-family of posets then there is 
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a partial order C on the set defined by stipulating that w C f ' if and only 
if v{s) v'{s) for each s G 5*. The element _L G (S>X with -L(s) = J.^ for all 
s E S then satisfies ± □ t> for all v G ®X, and so □) is a poset with 

bottom element ±. A reference to the poset always means with this partial 
order. Note that if X is the corresponding S'-family of bottomed sets (i.e., Xg is 
the underlying bottomed set of Xs for each s G S*) then ®X is the underlying 
bottomed set of ®X. 

Let n > 2 and for each j = 1, . . . , n let {Xj, Cj) be a poset. Then the above 
construction produces the usual product partial order □ on Xi x ■ ■ ■ x X„ in which 
(xi, . . . , Xn) ^ {x[, . . . , x'^) if and only if xj x'^ for each j. 

As with the categories Sets and BSets the process of taking finite products results 
in a mapping ® : T(Posets) Posets. If S is an arbitrary set, X an S'-family of 
posets and 7 a finite S'-typing then the poset (S)(X o 7) will be denoted by X^. 

Again let X be a finite S-family of posets. 

Lemma 4.1.1 For each s G 5* the projection mapping p^ : ®X Xg defined by 
Ps(f) = v{s) for each v G ®X is monotone. 

Proof This is clear. □ 

Proposition 4.1.2 A mapping h : Y ^ ®X from a poset Y to the poset ®X 
is monotone if and only if for each s G S* the mapping Ps ° h from Y to Xg is 
monotone. 

Proof Straightforward. □ 

Proposition 4.1.3 Let Y be a further S-family of posets and let : X Y 
be an S-family of monotone mappings. Then the mapping ^ip : ^X ®Y is 
monotone. 

Proof If V, v' G ®X with f □ f ' then for each s E S 
since (ps is monotone, and hence ®ip is monotone. □ 

The following is a special case of Proposition 14. 1 . 31 Let n >2 and for j = 1, . . . , n 
let Xj and X'j be posets and hj : Xj X'j be a monotone mapping. Then the 
mapping /i : Xi x ■ ■ • x X„ ^ X( x ■ ■ ■ x defined by 

h{Xi, ...,Xn) = ihi{xi), hn{Xn)) 

for each (xi, . . . , x„) G Xi x • • • x X„ is monotone. 



4.2 Complete posets 



We now define what it means for a poset to be complete and wliat it means for 
a monotone mapping between complete posets to be continuous. We then show 
that the results presented in Section H?T] hold for complete posets with 'monotone' 
replaced by 'continuous'. Recall that 'poset' means a partially ordered set with 
a bottom element. 

Let X be a poset with partial order □ and let D be a non-empty subset of X. An 
element x G X is called an upper hound oi D \i x' ^ x for all x' G -D; x is called 
the least upper hound of D if x is an upper bound of D and x C x' for each upper 
bound x' oi D. (It is clear that there can be at most one element x G X having 
these properties.) If the least upper bound of D exists then it will be denoted by 

A subset D of a poset X is said to be directed if it is non-empty and for each 
Xi, X2 G there exists x G -D such that xi C x and X2 ^ x. The set of directed 
subsets of X will be denoted by d(X). If /i : Xi — X2 is monotone then clearly 
h{D) G d(X2) for each D G d(Xi). 

A poset X is said to be complete if the least upper bound \_\D oi D exists for each 
D G d(X). If Xi and X2 are complete posets then a mapping h : Xi ^ X2 is said 
to be continuous if h is monotone and /i(LJ-D) = [J /i(-D) for each D G d(Xi). 
Note that if /i : Xi — > X2 is monotone then \_\h{D) ^2 ^(U-^) always holds 
(with ^2 the partial order on X2). Thus a monotone mapping h is continuous if 
and only if h{[_\ D) ^2 U KD) for each D G d(Xi). 

Proposition 4.2.1 (1) The identity mapping idx : X ^ X is continuous for 
each complete poset X. 

(2) If Xi, X2 and X3 are complete posets and g : Xi X2 and h : X2 X3 
are continuous mappings then the mapping h o g : Xi X3 is also continuous. 

Proof This is clear. □ 

Proposition 14.2.11 implies there is a category whose objects are complete posets 
and whose morphisms are continuous mappings. This category will be denoted 
(along with its objects) by CPosets. Of course, CPosets is in fact a subcategory 
of Posets. 

Lemma 4.2.1 Let X he a complete poset and Y a poset isomorphic to X; then 
Y is also complete. Moreover, if h : Y X is any order isomorphism then h 
and the inverse mapping : X ^ Y are hoth automatically continuous. 
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Proof Let D e d(F); then D' = h{D) is an element of d(X), thus let x = [_\D' 
and put y = h^^{x). Now x' is an upper bound of D' if and only if h~^{x') is an 
upper bound of D, and hence y = \_\D. This shows that Y is complete and that 
h is continuous (since h{\_\D) = h{y) = x = \_\D' = |J^(-^))- The continuity of 
h^^ follows by reversing the roles of X and Y. □ 

In what follows let X be a finite ^-family of complete posets. 

Lemma 4.2.2 Let D E d(0X) and for each s E S put Dg = {v{s) : v E D}. 
Then Dg E d(Xs), and the least upper hound of D is the assignment v E ®X 
defined by v{s) = \_\Ds for each s E S. 

Proof Straightforward. □ 

Proposition 4.2.2 The poset is complete. 
Proof This follows immediately from Lemma I4.2.2[ □ 

There is thus a mapping ® : T(CPosets) —>■ CPosets obtained by taking finite 
products in CPosets. If S is an arbitrary set, X an S-family of complete posets 
and 7 a finite 5*- typing then the complete poset o 7) will be denoted by X^. 

Lemma 4.2.3 For each s E S the projection mapping ps '■ ^X Xs defined by 
Ps(f ) = v{s) for each v E ^X is continuous. 

Proof This follows immediately from Lemma I4.2.2[ □ 

Proposition 4.2.3 A mapping h : Y ^ ®X from a complete poset Y to the 
complete poset ®X is continuous if and only if for each s E S the mapping Ps°h 
from Y to Xs is continuous. 

Proof If h is continuous then ps ° h is also continuous for each s E S (since it 
is the composition of two continuous mappings). Conversely, suppose that Ps° h 
is continuous for each s E S; in particular, (as in Proposition 14.1.21 h is then 
monotone. Let D E d{Y)] then by Lemma [4.2.21 it follows that for each s E S 

(\Jh{D)) (s) = \_\{v{s) : V E h{D)} 

= \Jps{h{D)) = (p, oh)(]^D)=h (]^d) is) 

and so \_\h{D) = h{\_\D). This shows h is continuous. □ 



Proposition 4.2.4 Let ip : X ^ Y be a family of continuous mappings (with Y 
a further S -family of complete posets). Then the mapping ®ip : (S>X (E)Y is 
also continuous. 

Proof By Proposition l4.1.3l the mapping (gx/? is monotone. Let D G d(®X); tlien, 
witli two applications of Lemma 14.2.21 and since ips is continuous, it follows that 

®^ [[_\d) (s) = {{y\D) {s)) = {y\{v{s) -.veD}) 

= \_\^^M^)) ■■veD} = \_\{®v{v){s) ■.veD}= {y\®v{D)) (s) 

for each s E S, and therefore ®ip{\_\D) = \_\®ip{D). Thus ^ip is continuous. □ 

Note the following special case of Proposition I4.2.4t Let n > 2 and for each 
j = 1, . . . , nlet Xj and Xj be complete posets and hj : Xj Xj be a continuous 
mapping. Then the mapping h : Xi x ■ ■ ■ x X„ —>■ X[ x ■ ■ ■ x X'^ defined by 

h{xx, . . . , x„) = (/ii(a;i), . . . , hr,{xn)) 

for each (xi, . . . , G Xi x ■ ■ ■ x X„ is continuous. 

4.3 Initial completions and algebraic posets 

A poset Y\ is said to be a subposet of a poset Y2 if Yi C Y2, Yi and Y2 have a 
common bottom element and the partial order on Yi is obtained by restricting 
the partial order on Y2. (This means that if is the partial order on Yj for 
J = 1, 2 and y, y' G Yi then y Ci y' if and only if y ^2 y' ■) The poset Y2 is then 
said to be an extension of Yi. 

A poset X is said to be a completion of a poset Y if X is a complete extension 
of Y and each element of X is the least upper bound (in X) of some element of 
d(Y). 

Warning Let X be a complete extension of a poset Y and let D G d(Y). Then 
it is possible that D has a least upper bound in Y which is not equal to the least 
upper bound of D in X. (Note, however, that if the least upper bound of D in 
X is an element of Y then in this case it must also be the least upper bound of 
D in Y.) When speaking just of the least upper bound of D or writing |J D then 
the least upper bound in X is always meant. 

If Y is a poset with partial order □ and X is an extension of Y then, unless 
something explicit to the contrary is stated, the partial order on X will also be 
denoted by C. 
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Proposition 4.3.1 Let Y be a finite S-family of posets and for each s G S let 
Xs be a completion ofYg. Then is a completion of ®Y . 

Proof Denote the partial orders on ®Y and ®X by Let v G ®X. Then for 
each s E S there exists a subset Dg G d{Ys) with v{s) = \_\Ds (since Xs is a 
completion of Ys). Put 

D = {ue ®Y : u{s) e Ds for each s e S} ; 

then D G d{®Y): If Vi, f2 G -D then for each s E S there exists i/s G Dg with 
Vi{s) Us and V2{s) ys; thus if f G is defined by letting v{s) = ys for 
each s G then v E D and f i ^ f , f 2 ^ v. Moreover, v = \_\D: \i u E D then 
u{s) G -Ds and so u{s) ^s\_\^s = v{s) for each s E S, i.e., m C f . On the other 
hand, if v' E ®X is an upper bound of D then u{s) v'{s) for each u E D and 
this implies that y v'{s) for all y E Dg (since for each y E Ds there exists 
u E D with 'u(s) = ?/) and thus that v{s) = |J-^s — s v\s) for each s G S", i.e., 
V C f '. This, together with Proposition 14.2.31 shows that ®X is a completion of 
®Y. □ 

Lemma 4.3.1 Lei X be a completion of a poset Y and let h : Y ^ X' be a 

monotone mapping from Y to a complete poset X' . Then there exists at most 
one extension of h to a continuous mapping h' : X ^ X' (i.e., there exists at 
most one continuous mapping h' : X —* X' with h'{y) = h{y) for all y eY). 

Proof Let x E X; then there exists D E d{Y) with x = \_\D and it therefore 
follows that h'{x) = UHY)- □ 

Lemma 4.3.2 Let Xi and X2 be completions of a poset Y . Then there is at 
most one continuous mapping h : Xi ^ X2 such that h{y) = y for all y E Y . 
Moreover, if such a mapping exists then it surjective. 

Proof The first statement follows immediately from Lemma [4.3.11 Thus suppose 
that h exists and let X2 E X2] then there exists D E d{Y) with X2 = \_\D (the 
least upper bound of D in X2). Let a;i = |J-D (the least upper bound of D in 
Xi); then h{xi) = h{\_\D) = |J^(-^) = U-^ = ^2, since h is continuous. Hence 
h is surjective. □ 

Let y be a poset, which is considered to be fixed in what follows. Then there is 
a category whose objects are completions of Y and where if Xi and X2 are such 
completions then the morphisms in Hom(Xi,X2) are the continuous mappings 
h : Xi ^ X2 with h{y) = y for each y eY. Of course. Lemma [4.3.21 implies that 
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Hom(Xi, X2) can contain at most one morphism for each Xi, X2. A completion 
X of y is said to be initial if it is an initial object in this category. Thus by the 
previous remark, a completion X is initial if for each completion X' of Y there 
exists a continuous mapping h : X ^ X' with h{y) = y for all y eY. 

Proposition 14. 3. 2l below states that Y possesses an initial completion. For reasons 
to be explained at the end of the section, this completion is often also referred to 
as the ideal completion of Y. 

A seemingly stronger requirement than being initial on a completion of Y is the 
following: A completion X is said to have the continuous extension property if 
whenever h : Y —>■ X' is a. monotone mapping from F to a complete poset X' 
then h can be uniquely extended to a continuous mapping h' : X X' (i.e., there 
exists a unique continuous mapping h' : X ^ X' with h'{y) = h{y) for all y eY). 
It is clear that a completion X of Y with the continuous extension property is 
initial, since if X' is any completion of Y then the mapping i : Y ^ X' with 
^(y) = y for dl\ y E Y is monotone. It turns out that the converse is also true. 

Let Di, D2 G d(y); then Di is said to be cofinal in D2 if for each yi e Di there 
exists y2 G D2 with yi □ y2. If X is a complete extension of Y and Di, D2 G d{Y) 
with Di cofinal in D2 then clearly \_\Di □ LJ-D2- 

Proposition 4.3.2 There exists a initial completion ofY, and the following five 
statements are equivalent for a completion X ofY: 

(1) X is initial. 

(2) X has the continuous extension property. 

(3) Di is cofinal in D2 whenever Di., D2 G d(y) with \_\Di □ LJ-D2- 

(4) y ^ y' for some y' E D whenever y eY and D G d(y) with y ^\_\D. 

(5) y^x for some x E D whenever y G Y and D G d(X) with y^\_\D. 

Proof Let C be the partial order on F. It will be shown first that there exists a 
completion X of F for which statement (3) holds, i.e., such that Di is cofinal in 
D2 whenever Di, D2 G d(F) with U^i ^ U^2- 

Elements Di, D2 E d{Y) are said to be mutually cofinal if each is cofinal in the 
other. Mutual cofinality clearly defines an equivalence relation on the set d{Y). 
Let X denote the set of equivalence classes, and if D G d(F) then denote by [D] 
the equivalence class containing D. If Di is equivalent to D[ and D2 equivalent to 
D2 then clearly Di is cofinal in D2 if and only if D[ is cofinal in Di^. Thus define 
a relation ^ on X by letting [Di] ^ [D2] if Di is cofinal in D2; it is immediate 
that ^ is a partial order. 

Now {y} E d{Y) for each y E Y, which means a mapping i : Y X can be 
defined by putting i{y) = [{y}] for each y E Y. Then i is an embedding, i.e.. 
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yi ^ y2 holds if and only if i{yi) ^ ^(1/2) (since yi C y2 if and only if {yi} is 
cofinal in {^2}); and Y can thus be considered as a subposet of X by identifying 
Y with i{Y). But this just means that X is an extension of Y . 

Lemma 4.3.3 The poset X (with the partial order -<) is a completion ofY such 
that if Di, D2 e d{Y) with \_\Di E then Di is cofinal in D^- 

Proof Let C G d(X). For each a; G C choose Dj. G d{Y) with [D^] = x and put 
D — Uxec-^a;- Then D G d(F). (Let 7/1, 1/2 G -D; then there exist xi, 0:2 G C 
such that yi G i^a;^ and y2 G i?a;2 and, since C G d(X), there exists x G C with 
Xi i< X and X2 ^ a;. But this means that y[, y'2 G can be found with yi □ 
and 1/2 ^ 1/2 and hence there exists y G -D^: C D such that yi ^ y'l ^ y and 
?/2 E 1/2 E I/, because G d(F).) It is now enough to show that x = [D] is the 
least upper bound of C in X. If x G C and y G then y ^y and y & D; thus 
is cofinal in D. This implies that x ^ x, i.e., x is an upper bound of C. Now 
let x' = [D'] be any upper bound of C If y E D then y G for some x E C 
and is cofinal in D', since a; ^ a;'. There therefore exists y' G -D' with y ^ y' 
and hence D is cofinal in D', i.e., £ ^ x'. The poset X is therefore complete. 

Now if a; = [D] G X and C = IJj/gd{^/} then C is a directed subset of F C X and, 
as above, a; = [J C. This shows X is a completion of Y. Finally, if Di, D2 E d{Y) 
with U^i ^ U^2 then [Di] ^ [Da], since {JD = [D] for each D G d(y), which 
by definition means that Di is cofinal in D2. □ 

It will be shown next that any completion of Y for which statement (3) holds has 
the continuous extension property. We first establish the following fact: 

Lemma 4.3.4 Let X be a complete extension of Y (although not necessarily a 
completion of Y ) and suppose that whenever Di, D2 are elements of d{Y) with 
U -^1 E U -^2 th^n Di is cofinal in D2 ■ Let X' denote the set of all elements of 
X having the form \_\D for some D G d(F). Then for each D' G d(X') there 
exists D G d.{Y) with D cofinal in D' and U — U 

Proof Let D' G d(X') and for each x E D' choose E d(Y) with x = \_\Dx. 
Then D = IJa^eD' ^ d{Y). To see this let yi, y2 E D; then there exist 
a;i, a;2 G D' with yi E D^^ and 1/2 G D^^ and, since D' E d(X'), there exists 
X E D' such that xi C. x and X2 ^ x. But then by assumption D^^ is cofinal in 
Dx and D^^ is cofinal in D^.. Hence y[, y2 E can be found with yi □ y[ and 
1/2 ^ y'2 and, since E d(y), it follows that yi ^ y'l ^ y and y2 ^ y'2^ y for 
some y E D^. C D. Now iiy E D then y E for some x E D', and so y ^ x; this 
implies D is cofinal in D' and thus also that U — U the other hand, if 

X E D' then x □ |J since x — \_\Dx and C -D, and therefore |J E U -D- 
Hence U ^ = U □ 
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Lemma 4.3.5 Let X be a completion ofY for which statement (3) holds. Then 
X has the continuous extension property. 

Proof Let h : Y ^ X' he a, monotone mapping of F to a complete poset X' . 
If Di, D2 G d{Y) with \_\Di = \_\D2 then each of Di and D2 is cofinal in the 
other and therefore |J/z(Z)i) = \_\h{D2). Thus, since each element of X has the 
form y D for some D G d{Y), a mapping h' : X X' can be defined by putting 
h'{x) = \_\h{D), where D is any element of d{Y) with x = \_\D. Then h' is 
monotone and an extension of h, because {y} G d(Y) and \_\{y} = y for each 
y ^ Y. Now in order to show the mapping h' is continuous it is enough to show 
that h'i[_\D') □ Uh'{D') for each D' G d(X) (with □ also denoting the partial 
order on X'). Let D' G d{X); then by Lemma [4.3.41 there exists D G d{Y) with 
D cofinal in D' and U = U Hence 

h' (□ D') =h'(l\D)=\_\ h{D) = □ h'{D) □ □ h'{D') . 

Finally, Lemma 14.3.11 implies that this extension h' of h is unique. □ 

It was already noted that a completion having the continuous extension property 
is initial. Together with Lemmas 14.3.31 and 14.3.51 this implies that there exists an 
initial extension of Y. 

Lemma 4.3.6 Statement (3) holds for any initial completion ofY. 

Proof It has already been seen that there exists a completion for which statement 
(3) holds and that any such completion is initial. Moreover, it is easily checked 
that statement (3) holds for any completion isomorphic to a completion for which 
this is the case. Thus by Proposition 12.1.21 statement (3) holds for any initial 
completion of Y . □ 

It has now been established that statements (1), (2) and (3) are equivalent. But it 
is clear that (3) and (4) are equivalent and that (5) implies (4); it thus remains to 
show that the last statement is implied by the others and this follows immediately 
from Lemma 14.3.41 This completes the proof of Proposition I4.3.2[ □ 

Warning If X is an initial completion of a poset Y then in general X is not 
an initial completion of itself. In fact, the class of complete posets which are 
initial completions of themselves is very special and will be characterised below 
in Proposition 14.3.41 

Proposition 4.3.3 Let S he a finite set, let Y he a family of posets, and for each 
s E S let Xs he an initial completion of Ys . Then (E)X is an initial completion of 
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Proof Denote the partial orders on ®Y and ®X by By Proposition 14.3. 11 
is a completion of ^Y. Let D and D' be elements of d{^Y) with U — U 
For each s E S let Dg = {u{s) : u G D} and D'^ = {u{s) : u G Z^'}. Then 
Dg, D'g G d(Y's) and \_\Ds U-^s ^'^'^ thus, since is initial, is cofinal in 
D'g for each s E S. From this it follows that D is cofinal in D': Let v E D; then 
for each s E S there exists Vg G -D' with t>(s) "^^sl^), and therefore, since 5* is 
finite and D' is directed, there exists v' G D' with □ v' for all s E S. But then 
v C u'. Hence by Proposition 14.3.21 ((3) =^ (1)) ®X is an initial completion of 
®Y. □ 

Proposition 4.3.4 Let X be a complete poset. Then X is an initial completion 
of itself if and only if each directed subset of X contains a maximum element 
(i.e., if and only if for each D G d(X) then there exists x E D with x' C x for all 
x' ED). 

Proof Suppose first that X is an initial completion of itself and let D E d(X) 
with \_\D = X. Then x C |JD and so by Proposition 14.3.2] ((1) ^ (5)) x C x' 
for some x' G D. But this is only possible if x = x' and therefore x E D, i.e., 
D contains a maximum element (namely x). The converse follows directly from 
Proposition|iX2]((5) ^ (1)). □ 

If y is a poset then a sequence of elements {yn}n>o from Y is called a chain in 

Y if y-n ^ y-n+i for each n > 0. A chain {yn}n>o is said to be finite if ym = y-a 
for all m > n for some n > 0. Now let X be a complete poset; if X is an initial 
completion of itself then by Proposition l4.3.4l each chain in X must be finite (since 
the elements in a chain form a directed set). The converse is in fact also true: 
If each chain in X is finite then X is an initial completion of itself. This follows 
from Proposition 14.3.41 together with a standard application of Zorn's lemma. 

We now introduce a condition on posets, being algebraic, which characterises 
those posets which arise as initial completions. Moreover, it turns out that an 
algebraic poset X is the initial completion of exactly one poset Y , and this poset 

Y is the set of what are called the compact elements of X. 

Let X be a complete poset. An element x G X is said to be compact if whenever 
D E d(X) with X C y D then x C x' for some x' E D. Note that in particular the 
bottom element ± of X is always compact. Let K(X) denote the set of compact 
elements of X and for each x G X put K^; = {y G K(X) : y □ x}. 

A poset X is said to be algebraic if it is complete and if for each x G X the set 
¥^x is directed with |J K^^ = x. 

Proposition 4.3.5 A poset X is algebraic if and only if it the initial completion 
of some poset Y . Moreover, in this case Y = K(X). 
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Proof This follows directly from Lemmas 14.3.71 14.3.81 and 14.3.91 □ 

Lemma 4.3.7 If X is an initial completion of a poset Y then Y = K(X). 

Proof By Proposition gXl ((1) (5)) Y C K(X). Conversely, let x e K{X); 
there thus exists D G d{Y) with x = \_\D, since D is a completion of Y. But 
then a; C y D and so x ^ y for some y E D. This is only possible ii x = y and 
hence in particular x & Y , i.e., K(X) C V. □ 

Lemma 4.3.8 Let X he an initial completion of a poset Y and for each x & X 
letD^ = {yeY:yn x}. Then D.^ G d(F) and \_\D^ = x. 

Proof Let a; G X; then, since X is a completion of Y, there exists D G d{Y) 
with \_\D = X. Thus D C and so in particular ^ 0. Let y G D^; then 
y ^ X = \_\D and hence by Proposition 14.3.2] ((1) =^ (4)) there exists y' & D 
with y □ y'. Therefore if yi, y-z & then there exist y[, y'2 & D with □ y[ 
and 2/2 ^ 1/2- -Bu^ ^ d(^) ^^'i so there exists y' E D with □ and C y', 
i.e., there exists y' G -Dx- with ?/i □ y' and ?/i C y' . This shows that G d(F). 
It is now clear that \_\ = x, since x = [J D C [J and by definition x is an 
upper bound of D^. □ 

Lemmas 14.3.71 and 14.3.81 imply that the initial completion of a poset is algebraic. 

Lemma 4.3.9 Let X be an algebraic poset. Then X is an initial completion of 
K(X). 

Proof By definition X is a completion of K(X) and thus by Proposition 14.3.21 
((5) =^ (1)) X is an initial completion of K(X). □ 

Proposition 4.3.6 Let X be a finite S-family of algebraic posets. Then (S>X is 
an algebraic poset. 

Proof For each s G let = K{Xs). By Lemma r4.3.9I Xo is an initial completion 
of Ys for each s G 5* and thus by Proposition 14.3.31 ^X is an initial completion of 
^Y. Therefore by Proposition 14.3.51 (8>X is algebraic. □ 

The class of all algebraic posets will be denoted by APosets. Moreover, APosets 
will also be used to denote the corresponding full subcategory of CPosets. By 
Proposition 14.3.61 there is a mapping (8> : T(APosets) APosets obtained by 
taking finite products in APosets. 
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The final topic of this section explains why the initial completion also goes under 
the name of the ideal completion. In what follows let F be a fixed poset. A 
non-empty subset / of y is called an ideal ofYiiy&I whenever y ^y' for some 
y' G /. An ideal / is said to be directed if / G d(Y). In particular, the set 

I{y) = {y'eY:y'ny} 

is a directed ideal for each y eY {the principal ideal generated by y). It is clear 
that if yi, y2 &Y then yi □ y2 if and only if I{yi) C /(?/2)- Now denote by IdiX) 
the set of directed ideals of Y, regarded as a poset with the inclusion ordering. By 
the above remark Id{Y) can be considered as an extension of Y (by identifying 
the element y with the principal ideal I{y) for each y E Y). 

Proposition 4.3.7 The poset Xd(y) is an initial completion (called the ideal 
completion) ofY. 

Proof It is enough to show that Td{Y) is isomorphic to the initial completion 
constructed in the proof of Proposition I4.3.2[ For each non-empty subset D of F 
let I{D) = {y eY : y ^y' for some y' G D}. 

Lemma 4.3.10 (1) I{D) is an ideal with D C I{D). Moreover, if I is any ideal 
with Del then I{D) C /, i.e., I{D) is the smallest ideal containing D. 

(2) If D E d(y) then I{D) G d(Y); moreover, D and I{D) are mutually cofinal. 

(3) If Di, D2 G d{Y) then I{Di) C /(-D2) if and only if Di is cofinal in D2. 

Proof This is straightforward. □ 

Now let X be as in the proof of Proposition 14.3.21 Recall that mutual cofinality 
defines an equivalence relation on the set d{Y) and that X is the set of equivalence 
classes, considered as a poset with the partial order ^ defined by stipulating that 
[Di] ^ [D2] if Di is cofinal in D2 (and where [D] denotes the equivalence class 
containing D for each D G d(F)). If Di, D2 G d(F) then by Lemma iXIO] (3) 
I{Di) = /(-D2) if and only if Di and D2 are equivalent, thus by Lemma [4.3. 101 (2) 
a mapping h : X ^ ^d(X) can be defined by letting h{[D]) = I{D) for each 
D G d{Y). Moreover, by Lemma [4.3.101 (3) h is an embedding. In fact h is also 
surjective, since by Lemma 14.3.101 (1) and (2) it follows that D = I{D) = h{[D]) 
for each D G Id{Y). Hence h is an order isomorphism. But h{y) = y for 
each y E Y (because y is identified with [{y}] in X, with I{y) in Xd{Y), and 
I{{y}) = I{y)), and therefore X and Td{Y) are isomorphic extensions of Y . □ 



Chapter 5 

Ordered and continuous algebras 



This chapter deals with the third and fourth steps in our programme of specifying 
data objects. The third step is based on the observation that if {X,p) is a regular 
bottomed A-algebra satisfying some additional conditions then for each b E B 
there is a unique partial order on the set Xf, such that x x' can reasonably 
be interpreted as meaning that x is less-defined than x'. In particular, this should 
mean that -Lb ^ x for each x G Xf, and the mapping : X^^ be monotone 

for each k E K. 

Considering Xi, as a poset with this partial order results in a 5-family of posets 
X together with a i^'-family of monotone mappings p, and the pair {X,p) will 
then be called an ordered A-algebra. The fourth step is to complete the posets 
in the family X, and the appropriate completion here is the initial completion 
presented in Section 14.31 After the completion has been made and each p^ has 
been extended to a continuous mapping we end up with a continuous algebra, 
i.e., a A-algebra {Y,q) with a 5-family of complete posets Y and a i^-family of 
continuous mappings q. The results in this chapter for o^algebras can be found 
in Goguen, Thatcher, Wagner and Wright ^ and in Courcelle and Nivat 



5.1 Ordered algebras 

An ordered A-algebra is any pair {X,p) consisting of a i?-family of posets X and 
a ii"-family of mappings p such that pk is a monotone mapping from X''^ to Xk^ 
for each k E K. Recall once again that 'poset' means a partially ordered set 
with a bottomed element and that X'' denotes the poset ®(X o k^). If {X,p) is 
an ordered A-algebra and X^ is the bottomed set underlying X^ for each b E B 
then (X°,p) is a bottomed A-algebra, called the underlying bottomed A-algebra of 
{X,p). However, the underlying bottomed set X^ will usually just be denoted by 
Xb, which means that the ordered and the underlying bottomed A-algebras are 
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both denoted by {X,p). What a particular usage of {X,p) refers to will always 
be clear from the context. 

If {X, p) is an ordered A-algebra then, unless something to the contrary is stated, 
the partial order on Xi, will always be denoted by and the bottom element 
by _Lfe. For each k E K the partial order on X^" will be denoted by C'^'^, thus if 
fi, f2 G X^^ then Vi C'^ V2 if and only if fi(?7) ^fc>,, 'V2{f]) ^ach rj G {k^)- 

An ordered A-algebra {X,p) will be called intrinsic if the underlying bottomed 
A-algebra is regular and if whenever h E B \ A and Xi, X2 G Xl then X, 
if and only if Xi = Pk{vi) and X2 = Pk{v2) with k G and t>2 C'^'^ f 2. We 
consider intrinsic ordered algebras as being those for which x C{, x' can really be 
interpreted as meaning that x is less-defined than x'. 



Example 5.1.1 Let (Y, g) be the initial bottomed A-algebra introduced 
in Example I2.2[ l and for each h E B define a partial order on Yj, as 
follows: 

If a, a' G Ibooi then a ^^,00^ a' if and only if a G {±booi, ct'}- 

Let n G N and x G l^at- Then x Cnat 't- if and only if either a; = n or 
X = m"*" for some m < n. Moreover, x ^n&t if and only if a; = 
for some m < n. 

If n, n' G Fint then n Cint ^' if and only if n G {J-int? n'}. 

If p, p' G l^air then p ^pair p' if and only if either p = -Lpair or 
p = [x, y) and p' = {x', y') with x Cint x' and y C^t y' ■ 

If £, f G Fiist then ^ Cust f if and only if either 
I = zi - ■ ■ Zm, i' = z[ - ■ ■ z'^ with Zj Cint Zj foY cach j, or 
i = {zi - ■ ■ Zm)^ and i' either z[ - ■ ■ z'^ or {z[ - ■ ■ z'^)-^, with m < n 
and 2;^ Cint ^^j- for each j = 1, . . . , m. 

(Recall here that 

nooi =B^ = BU{±booi}, 

Fnat = N U bot (N) with 0^ = ±nat, 

^int = U {J-int}) ^air = ^int {-Lpair}) 

Fiist = n;t u bot (n;,) with = ±ii3t.) 

It is then straightforward to check that with these partial orders {Y, q) 
becomes an intrinsic ordered A-algebra. 
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Ordered algebras will be obtained as ordered extensions of bottomed algebras: If 
(y, p) is a bottomed A-algebra then an ordered A-algebra {X, p) is said to be an 
ordered extension of {Y,p) if {Y,p) is the underlying bottomed algebra of {X,p). 
Defining an ordered extension of a given bottomed A-algebra [Y, p) thus amounts 
to specifying an appropriate family of partial orders which turns p into a family 
of monotone mappings. The main result of the section (Proposition IS.l.ip says 
that each regular bottomed A-algebra satisfying some additional conditions has 
a unique intrinsic ordered extension. 

The simplest example of an ordered A-algebra is obtained by starting with the 
flat bottomed extension {Y-^,q-^) of a A-algebra {Y,q) and considering YJ,^ as a 
poset with Cfe the flat order on Fj,-*- (thus y Cj, y' if and only if ?/ G {-L;,, y'}). Then 
each of the mappings is monotone (since if f i, f2 G (Y-^)''" with vi C'^'^ Vi and 
g^(f i) 7^ then Vi G Y'' and Vi = ^2). This means that (Y-^, q^) is an ordered 
A-algebra which will be called the flat ordered extension of (Y, q). If {Y,p) is an 
initial A-algebra then, as was already noted, the bottomed A-algebra {Y-^, q-^) is 
regular, and in this case the ordered A-algebra {Y-^,q-^) is trivially intrinsic. 

Recall that a bottomed A-algebra (Y, q) is said to be t]-stable if whenever k & K 
and fi, f2 G F'^" are such that qk{vi) G Y^^ and V2{'q) G Y^^,^ for all r/ G (P) with 
Vi{r]) G F^l^ then also qk{v2) G Y'^^. By Proposition 13.3.51 a bottomed A-algebra 
is t]-stable if and only if it is a o-algebra for some t]-stable simple head type o. 
Finally, recall that the simple head types o-*-, and o'^, as well as the degenerate 
head type o**, are all t]-stable. 

Lemma 5.1.1 A simple head type o is \\-stahle if and only if {H, o) is an ordered 
A-algebra, naturally considering T as a poset with -L ^\\. 

Proof This is clear. □ 

As usual, we consider a set-up including the situation typical for open signatures. 
Let V be an A-family of posets, which is considered to be fixed in what follows. 
An ordered A-algebra {X,p) is said to be bound to V if = V. Of course, if A 
is closed (i.e., ii A = 0) then there is only one A-family of posets and any ordered 
A-algebra is bound to it. The underlying bottomed set of the poset H will be 
denoted by Ub- Thus U also denotes the corresponding family of bottomed sets. 

Proposition 5.1.1 Let {Y,p) be a U -minimal regular \\-stable A-algebra. Then 
there exists a unique intrinsic ordered extension {X,p) of {Y,p) which is bound 
to V. 

Proof This occupies the second half of the section. □ 
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If {X, p) and (y, q) are ordered A-algebras then an ordered homomorphism n 
from (X, p) to {Y, q) is a bottomed homomorphism of the underlying bottomed 
algebras such that tt^ is a monotone mapping for each b E B. If {X,p) and 
{X',p') are ordered A-algebras bound to V then a an ordered homomorphism 
TT : {X,p) {X',p') is said to fix V if vra(a;) = x for each x G K, a G A. Again, 
if A is closed then this imposes no requirement on an ordered homomorphism. 

Proposition 5.1.2 (1) If {X,p) is an ordered A-algebra bound to V then the 
B -family of identity mappings id : X ^ X defines an ordered homomorphism 
from {X,p) to itself fixing V. 

(2) If Tt : (AT, p) {XiQ) o.iT'd g : {Y,q) {Z,r) are ordered homomorphisms 
fixing V then the composition g o tt is an ordered homomorphism from {X, p) to 
(Z, r) fixing V . 

Proof This follows immediately from Propositions 12.2.11 and 14.1.11 □ 

Proposition 15. 1 . 2l implies there is a category whose objects are ordered A-algebras 
bound to V with morphisms ordered homomorphisms fixing V . There exist initial 
objects in this category but, as in Chapter [31 they are really too special. What is 
required is the analogue of Proposition [2331 and this is given in Proposition l5.1.3l 
below. 

An ordered A-algebra {X^p) is defined to be V -minimal if it is bound to V and 
the underlying bottomed A-algebra is ^/-minimal. Similarly, it is defined to be 
an {H,o) -algebra if the underlying bottomed A-algebra is an (if, o)-algebra. 

Proposition 5.1.3 For each \\-stable simple head type o there exists a V -minimal 
intrinsic ordered o-algebra. Moreover, any such o-algebra {X,p) is an initial 
object in the full subcategory of ordered o-algehras bound to V . In fact, {X,p) is 
intrinsically free: For each ordered o-algebra (y, q) and each family of bottomed 
monotone mappings t : V ^ Y\a there exists a unique ordered homomorphism 
IT : {X,p) (Y, q) such that 7T\a = t- 

Proof Proposition 13.3. 11 implies there exists a [/-minimal regular o-algebra {Y,p), 
and by Proposition 13.3.51 (Y. q) is t]-stable. Thus by Proposition 15. 1 . 11 there exists 
an intrinsic ordered extension {X,p) of {Y,p) bound to V. But this means that 
(X, p) is a \^-minimal intrinsic ordered o-algebra. To show that any such o-algebra 
is intrinsically free the following fact is needed: 

Lemma 5.1.2 Let {X,p) be a V -minimal intrinsic ordered A-algebra, let {Y,q) 
be an ordered A-algebra and it : {X,p) — > (Y, q) a bottomed homomorphism of the 
underlying bottomed A-algebras such that the mapping iTa is monotone for each 
a G A. Then 71^ is monotone for each b E B, i.e., it is ordered. 
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Proof For each b E B let denote the set of those elements x E Xb such 
that 7rfe(x) Cfe 7rfe(x') for all x' G Xb with x Cfe x'. Then X'^ = V, since by 
assumption vr^ is monotone for each a E A, and _Lb ^ for each b E B, 
since 7rb(±fe) = Moreover, the family X' is invariant in {X,p): Let k E K 
and G x' G X^.^ with x'. If pk{v) = -Lk^ then trivially 

'^k<,{Pk{v)) 7r(x'), hence suppose Pk{v) ^ There then exists a unique 

f' G X*^ such that x' = Pk{v'), and f v'. But f (77) Cfc>^ 'y'(^) and v{ri) G X^i>^, 
and so 7Ck>r]{v{T])) ^k>rj 7rfc>^(t>'(?7)) for each 77 G (/c'^), i.e., tv''" (v) ^''^ tc''^ {v') . 
Therefore 

= gfc(7r'''(t;)) Cfc, gfc(vr'''(f ')) = vrfc,(pfc(f')) = T^kA^') ■ 

It follows that X' = X, since (X, p) is V^-minimal, which implies vr is a family of 
monotone mappings, i.e., vr is an ordered homomorphism. □ 

Now for the proof of Proposition 15.1.11 Let {X,p) be a \^-minimal intrinsic 
ordered o-algebra, let (Y, q) be an ordered o-algebra and let r : ^ Y\a be a 
family of bottomed monotone mappings. The underlying bottomed A-algebra 
of (X, p) is then a [/-minimal regular o-algebra, and so by Proposition 13.3.61 
there exists a unique bottomed homomorphism vr : (X, p) (F, q) such that 
= T- Thus by Lemma 15.1.21 tt is an ordered homomorphism from (X, p) to 
(y,g). Finally, vr is unique, since any ordered homomorphism from (X, to 
(Y, q) is also a bottomed homomorphism of the underlying bottomed A-algebras, 
and by Proposition 13.3.61 there is a unique such bottomed homomorphism vr with 

Tl\A = T. □ 

Before starting with the proof of Proposition 15.1.11 we first look at a couple of 
elementary properties of intrinsic ordered A-algebras. A poset X is said to be 
locally finite if the principal ideal {?/ G X : ?/ □ x} is finite for each x G X. 
(For a partially ordered set with a bottom element this is equivalent to the usual 
definition of being locally finite, which is that {2/ G X : x' C 7/ C x} should be 
finite for all x, x' G X.) 

Proposition 5.1.4 If {X,p) is a V -minimal intrinsic ordered A-algebra and the 
posets in the A-family V are all locally finite then X is a B-family of locally finite 
posets. 

Proof For each 6 G -B let X^ denote the set of elements x E Xh for which the 
ideal {y G X : ?/ □ x} is finite. Then clearly ±5 G X^ and it it follows more-or- 
less directly from the definition of being intrinsic that X* is an invariant family 
in the underlying bottomed A-algebra. Moreover, by assumption X^^ = V, and 
hence X^ = X, since (X, p) is l^-minimal, i.e., X is a 5-family of locally finite 
posets. □ 
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Note the following special case of Proposition 15.1. 4t If the signature A is closed 
(i.e., if y4 = 0) and {X,p) is a minimal intrinsic ordered A-algebra then X is 
always a 5-family of locally finite posets. 

If X is a poset then x E X is said to be maximal if {y E X : x ^ y} = {x}; the 
set of maximal elements will be denoted by X\ 

Lemma 5.1.3 If{X,p) is an intrinsic ordered A-algebra then X^ is an invariant 
family in the underlying bottomed A-algebra. 

Proof This follows more-or-less directly from the definition of being intrinsic. □ 

We now prepare for the proof of Proposition 15.1. It this involves defining a family 
of partial orders having certain properties, and these properties form the basis 
for the following definition: Let {Y,p) be a regular bottomed A-algebra, and for 
each b E B let Cf, be a partial order on the set Yj,. Then the 5-family of partial 
orders C will be called an ordering associated with {Y,p) (or just an associated 
ordering) if the following two conditions hold: 

(1) (Yb, is a poset with bottom element -Lb for each b E B. 

(2) If b E B \ A and yi, y2 ^ Y^ then yi y2 if and only if yi = Pkivi) and 
2/2 = Pk{v2) with k E Kb and Vi V2. 

If {X,p) is an intrinsic ordered extension of {Y,p) and is the partial order 
on Xb for each b E B then □ is an ordering associated with {Y,p). Conversely, 
if C is an ordering associated with iY,p) and Xb = (Yb,^b) for each b E B 
then {X,p) will be an intrinsic ordered extension of {Y,p), provided {X,p) is an 
ordered A-algebra. But in general this is not the case, since it is possible that 
there exist Vi, V2 E X'''^ with vi V2 and ^^("^1) 7^ -Lfc^ but with Pk{v2) = -L/t^ 
(see Example 5.1.4 at the end of the section). However, if {Y,q) is t]-stable then 
this problem does not arise: 

Lemma 5.1.4 Let {Y,p) be a \\-stable regular bottomed A-algebra, let □ be an 
ordering associated with {Y,p) and put Xb = {Yb,^b) for each b E B. Then 
{X,p) is an ordered A-algebra (and thus an intrinsic ordered extension of{Y,p)). 

Proof It must be shown that the mappings in the family p are monotone. Thus 
consider k E K and let t>i, V2 E X^ with Vi V2] if Pfc(fi) = -Lfc^ then of course 
Pk{vi) Pk{v2) holds trivially, and so it can be assumed that Pk{vi) E Y^^. 
Now V2{r]) E F^l^ for all t] E (F) with Vi{r]) E ±k>ri, since ^1(77) ^k>rj V2{v) for 
each ?7 E {k'^), and therefore Pk{v2) E Y^^ (since (l^,p) is t]-stable). Hence by the 
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definition of an associated ordering pk{vi) Pk{v2), and this shows that pk is 
monotone. □ 



Example 5.1.2 Let A = [B,K,Q) be the signature in Example 12.21 3. 
let V be an A-family of posets and let (F, q) be the bottomed A-algebra 
defined in Example 13.11 3 bound to the underlying sets in the family V. 
For each h E B\A define a partial order on Yi, as follows: 

If 6 G {bool, atom, int} and a, a' G Yi, then a Cf, a' if and only if 
a G {±b,a'}. 

If p, p' G Fpair then p ^paij, p' if and only if either p = -Lpair or 
p = {x,y) and p' = {x',y') with x, x' G V"^, y, y' G V^, x 3;' and 

y y'- 

If £, f G Fiist then £ ^^isx ^' if and only if either £ = ± 

list or 

£, f G (Fj')* with ^ = zi - ■ ■ Zm, ^' = z[ - ■ ■ z'^ and Zfe 4 each 
/c = 1, . . . , m. 

If G Fip then y if and only if either y = ±ip or y, y' G Y^^^^ 

with ?/ Cpair or y, G FAst with y Cii^t y'. 

(Recall here that 

nool = = 1 U {±bool}, ^ton, = = I U {±atoJ, 

Fin, = = Z U {XinJ, Fpai. = (K^ X V^) U {±pair}, 

Vlist = {V^y U Fip = Fpli, X FAst U {±ip}.) 

The reader is left to check that with these partial orders (F, q) becomes an 
intrinsic ordered A-algebra. Thus in fact (F, q) is a l^-minimal intrinsic 
ordered o-'--algebra. 



Lemma 15.1.41 and Proposition 13.3.51 imply that Proposition 15.1.11 is an immediate 
corollary of the following result: 

Proposition 5.1.5 Let (F,p) he a regular bottomed K- algebra bound to U and let 
< be an A- family of bottomed partial orders on U , i.e., <a is a bottomed partial 
order on Ua for each a & A. Then there exists an ordering □ associated with 
(F, p) such that ^|a=<- Moreover, if{Y,p) is, in addition, U -minimal then this 
is the unique such associated ordering. 
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Proof For the duration of this proof a 5-family of partial orders C wiU be called 
an extension of < if ^|a=< and is a bottomed partial order on Yj, for each 
b E B\A. If □ is an extension of < then a binary relation can be defined on 
Yb for each b E B as follows: 

(1) If a G A then ^'a=<a- 

(2) If b E B \ A and yi, 1/2 G Yb then yi 7/2 holds if and only if ki = k2 
and Vi C'^i V2, where fci, ^2 G -ft^b and Vi E X'^i, f2 E are the unique 
elements such that yi = Pki{vi) and y2 = Pk2{v2)- 

(3) If b E B\A then ±b V ^olds for all ?/ € Yb but y Cj, ±b does not hold 
for any y eY^. 

Lemma 5.1.5 is an extension of <. 

Proof It is enough to show that C'j, is a partial order for each b E B\A, and it is 
clear that C'f, is reflexive. To show that is anti-symmetric consider yi, y2 & Yb 
with yi C'^ 1/2 and 1/2 yi. Then by (3) either yi = y2 = J-b, or and 2/2 both he 
in Y^, in which case = ?/2 holds by (2) and the fact that is anti-symmetric 
for each k E Kb- A similar argument shows that C'^ is transitive. □ 

The family of partial orders given by Lemma 15.1.51 will be called the first 
refinement of the family Now in order to show the existence of an associated 
ordering it is useful to first introduce a somewhat weaker concept: A 5-family □ 
is called a weak ordering if it is an extension of < and if whenever b E B\A and 
1/1, 2/2 e Y^ are such that yi Cf, 2/2 then yi = Pk{vi) and y2 = Pk{v2) with k E Kb 
and vi V2. 

Lemma 5.1.6 Suppose \Z is a weak ordering. Then the first refinement is 
also a weak ordering and yi Cj, 2/2 whenever yi 2/2 ■ 

Proof It will be shown first that if yi, y2 E Yb with yi y2 then yi ?/2- If 
b E A then this holds by definition, and if b E B \ A then the only non-trivial 
case is with yi, y2 G Y^. Here let ki, k2 E Kb and vi E X^i, V2 E X^'^ be the 
unique elements such that yi = Pki{vi) and ?/2 = Pki{v2)- Thus Pkiivi) Pki{v2) 
and hence ki = k2 and f 1 c'^i t;2 (since C is a weak ordering). But then yi 2/2 
holds by the definition of 

It remains to show that is a weak ordering, and by Lemma 15.1.51 is an 
extension of <. Therefore consider b E B \ A and 2/2 ^ with yi ^[ y2 
and let ki, k2 E Kb and fi G X'^i, t>2 G X'^a be the unique elements such that 
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yi = Pkiivi) and 1/2 = Pk2{v2). Then pk^{vi) ^[ ^^2(^2) and so (by the definition 
of ^f,) ki = k2 and Vi c'^i V2; hence by the first part vi V2. □ 

For each 6 G -B \ A let C° be the fiat partial order on Yf, and for each a G A let 
^a——a (so can be thought of as the fiat extension of <). It is clear that C° 
is a weak ordering, and therefore by Lemma 15.1.61 a sequence of weak orderings 
C'", m > 0, can be defined by letting □'"+1 be the first refinement of for 
each m > 0. Now define a partial order on Yt for each 6 G -B by stipulating 
that yi Cfe 1/2 if and only if yi 2/2 for some (and thus for all sufficiently large) 
m > 0. It is easy to see that C is then a weak ordering, and so in particular 

In fact □ is an associated ordering: Consider Vi, V2 G X'^'^ with t>i C*^"^ t>2 and 
Pk{vi), Pk{v2) G Y^. Then fi(?7) ^fc>^ ^2(^7) for each 77 G (P), and so for each 77 
there exists > such that Viijj) C^*^ V2{r]). Put m = max{m^ : r] G (fc^)}; 
then Vi{ri) ^2(^7) for each r], and this means that fi(C™')^''f2. Therefore 

Pfc('yi) ^^"""^ PA:(t^2) by the definition of and hence pkivi) Pk{v2)- 

The uniqueness when {Y,p) is [/-minimal still has to be considered. Thus let 
C and be two orderings associated with {Y,p) with ^|A=^=^j^- For each 
y G n define U{y) = {y' E Yb : y' ^b y} and L'f,{y) = {y' E Yb : y' y}; put 
y^' = G Yb : L'f,(?/) = Lb{y)}. Then F' is a bottomed family with 1^^ = Y\a 
and it is straightforward to check that the family Y' is invariant in {Y,p). Hence 
if {Y,p) is [/-minimal then Y' = Y, i.e., ^'=^. □ 

Proof of Proposition \5.1.1\ This now follows immediately from Lemma 15.1.41 and 
Propositions 13.3.51 and 15.1.51 □ 

Finally, consider the case when A is the disjoint union of the signatures Ai, i E F. 

Proposition 5.1.6 For eachi E F let (X*,p*) be an intrinsic ordered Ai- algebra. 
Then the sum ©jg^(X*,p*) is an intrinsic ordered A- algebra. 



Proof Straightforward. □ 
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Example 5.1.3 Let A = {B,K,Q) be the signature in Example I2.2I 3. 
let V be an A-family of posets and let (Y, q) be the bottomed A-algebra 
defined in Example 13.11 3 bound to the underlying sets in the family V. 
For each h & B\A define a partial order on as follows: 

If 6 G {bool, atom, int} and a, a' G Yb then a a' if and only if 
a G {Xb, a'}. 

If p, p' G Ypair then p ^pair v' if and only if either p = -Lpair or 
p = {x,y) and = {x',y') with x, x' G Z/, y' ^ Vj, x a^' and 

If i, f G Fiist then i Cust f if and only if either 
i = Zi - ■ ■ Zm, £' = z[ - ■ ■ z!^ with Zj Zj for each j = 1, . . . , m, or 
£ = {zi - ■ ■ Zm)^ and either z[ - ■ ■ z'^ or (-z^ ■ ■ ■ 2^0"*"; with m < n 
and 2;^ z^- for each j = 1, . . . , m. 

If y, y' G Fip then ?/ if and only if either y = ±ip or y, y' G Fpair 

with y Cpair or y, y' G Fust with y Cust ?/'. 

(Recall here that 

nool = = B U {±bool}, nton, = = I U {±ato4, 

Vint = = Z U {±int}, Vpai. = (K X Fy) U {±pair}, 

^ist = V: U bot(F;) With ±ii3t = e^. 

^p = l^air U Fii.t U {±ip}.) 

The reader is left to check that with these partial orders {Y, q) becomes an 
intrinsic ordered A-algebra. Thus in fact (y, q) is a V^-minimal intrinsic 
ordered o^algebra. 

With a minor modification the above discussion also deals with the bot- 
tomed A-algebra {Y,q) defined in Example 13.31 2. The only difference in 
the bottomed A-algebras is that Impair is now taken to heVy^^Vy (with 
-Lpair = (J-x, -Ly))- The order ^p^^^ on Fpair is then defined by: 

If p, p' G Fpair then p ^p^ir p' if and only if p = (x, y) and p' = {x', y') 
with X Cx x' and y y' . 

With these partial orders (the remaining partial orders being defined as 
above) (F, q) becomes a V^-minimal intrinsic ordered o^-algebra. 



Example 5.1.4 Consider the A-algebra {X,p) in Example 12.21 1. and let 
{Y, q) be the A-algebra defined by 

y;,, = N u with 1.1^, ^ N u {±„at}, 

Yp = for all 6 G 5 \ {nat}, 

gzero : I Ynat with gzero(£^) = 0, 

{n + 1 if G N, 
-Lnat iin = 
ifn = ±,,, 

and with = for all G -R' \ {Zero, Succ}, 
where {X-^,p-^) is the fiat bottomed extension of {X,p). Then it is easy 
to see that {Y, q) is a minimal regular bottomed A-algebra, and so by 
Proposition 15.1.51 there is a unique ordering □ associated with {Y.,q). 
However, gsucc is not monotone, since ±nat ^nat -L°at but gsucc(-Lnat) = 

^nat and gsucc(^°at) = ^naf 



5.2 Continuous algebras 

A continuous A-algebra is any pair {X,p) in which X is a i?-family of complete 
posets and p is a ii"-family of mappings such that pk is a continuous mapping 
from X'^" to Xk^ for each k G K, recalling that X'''^ denotes the complete poset 
®(X o k^). A continuous A-algebra is in particular an ordered A-algebra. 

A continuous A-algebra is deemed to have a property (such as being intrinsic or 
being an {H, o)-algebra) if it has this property as an ordered A-algebra. 

The main result here is Proposition 15.2.21 which is the result corresponding to 
Proposition 15.1.31 for continuous algebras. The continuous A-algebras we will be 
dealing with are all initial completions of ordered A-algebras, and so we must 
first say precisely what this means. 

Lemma 5.2.1 Let {Y,q) be an ordered A-algebra and for each b E B let Xb 
be an initial completion of the poset Y^. Then for each k E K the mapping 
qk : Y''^ Yfc^ extends uniquely to a continuous mapping pk : 

Proof By assumption the mapping qk is monotone and so it is still monotone 
considered as a mapping from Y^ to Xk^', moreover, by Proposition 14.3.31 is 
an initial completion of F ^ . The result therefore follows from Proposition 14.3.21 
((1)^(2)). □ 
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Lemma [5.2.11 allows the following definition to be made: A continuous A-algebra 
{X, p) is said to be an initial completion of an ordered A-algebra {Y, q) if Xb is an 
initial completion of the poset Yf, for each b E B and pk is the unique continuous 
extension of qk for each k E K. It follows immediately from Proposition 14.3.21 
that there exists an initial completion of {Y,q). 

Lemma 5.2.2 Let {Y, q) be an intrinsic ordered A-algebra. Then any initial 
completion {X,p) of{Y,q) is also intrinsic. 

Proof Let b E B \ A and x E X^. Since Xi, is a completion of Yfe there exists 
D E d{Yh) with x = \_\D, and then = D \ {J-b} is also an element of d(Yfe) 
with X = LJ-D''. If Hi, 1/2 E D with yi y2 then, since (Y,q) is intrinsic, there 
exists a unique k E Kh and unique elements Ui, U2 E Y'''^ with yi = qk{ui) and 
2/2 = Qk{u2), and then ui ^''^ U2. Thus, since is directed, there exists a unique 
k E Kb and for each y E a, unique element u E Y^" with y = qk{u). Moreover, 
the set C = q^^D^) is an element of d(F*^') and qk{C) = D^. Put v = \JC; 
then, since p is continuous, 

Pk{v) =Pk (LJc) = \Jpk{C) = = \_\d^ = x. 

This shows that for each x E X'^ there exists k E and an element v E X^" 
with X = Pk{v). Now let xi, X2 E X'l with xi 'O^ X2 and suppose xi = Pfci(fi) 
and X2 = Pk2{v2) with ki, k2 E Kh and vi E X^^'i, t>2 E X''^. Then, since X^'^ is 
a completion of F*^'' for z = 1, 2, there exists Ci E d(Y'''^) such that Vi = [JCj. 
But then 

X2 = Pk2{v2) = Pk2 (U'^^) = |Jpfc2('^2) = |Jgfe2(C2) , 

which by Proposition 14.3.21 ((1) =^ (3)) and Lemma 15.2.11 implies that qki{Ci) 
is cofinal in qk2{C2). However, by the regularity of (Y,q) this is only possible 
if ki = k2 and Ci is cofinal in C2, and then also vi = \_\Ci c'^i LIC'2 = V2- In 
particular (with xi = X2 = x) this shows, together with the first part of the proof, 
that for each x E X'^ there exists a unique k E K^ and a unique element v E X^" 
with X = Pk{v). Moreover, it then also clearly shows that {X,p) is intrinsic. □ 

Lemma 5.2.3 Let o be a simple head type and {Y, q) be an ordered o-algebra. 
Then any initial completion {X,p) of {Y,q) is also an o-algebra. 

Proof Let k E K and v E X^" . Then there exists C E diY^") with = |J C, thus 
by Lemma 14.2.21 ffry) = |J{^(^) '■ u E C} for each rj E {k'^) and Pk{v) = \_\qk{C). 
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Therefore, since C is directed and {k^) is finite, there exists u E C sucli that 
Pk{v) 7^ ^-k^ if and only if qkiu) ^ ^-k^ and such that virj) ^ ^k^r, if and only 
if ^(77) 7^ ±fc>r? for each rj G {k^). This implies that £^fc^(pfc('y)) = ^k^Vkiu)) and 
that £:A;>rj('y('7)) = ^k^rjiuijj)) for each G (A;'^). Hence 

^fc<(Pfc(^)) = ^kSPkW)) = ^k^Qkiv')) = Ok{e''\v')) = Ofc(e^'(t;)) , 
which shows that {X,p) is also a o-algebra. □ 

Let {X, p) and {Y, q) be continuous A-algebras; then a continuous homomorphism 
vr from (X, p) to (y, g) is an ordered homomorphism such that H}, is a continuous 
mapping for each b E B. 

In what follows let V be an ^-family of complete posets. 

Proposition 5.2.1 (1) If {X,p) is a continuous A-algebra bound to V then the 
B-family of identity mappings id : X X defines a continuous homomorphism 
from {X,p) to itself fixing V. 

(2) If TT : {X,p) — > (Y,q) and g : {Y,q) — * {Z,r) are continuous homomorphisms 
fixing V then the composition g o tt is a continuous homomorphism from (X, p) 
to {Z, r) fixing V . 

Proof This follows immediately from Propositions 12.2.11 and 14.2.11 □ 

Proposition 15.2.11 implies that there is a category whose objects are continuous 
A-algebras bound to V with morphisms continuous homomorphisms fixing V. 
Lemma 14.2.11 implies that a morphism vr in this category is an isomorphism if 
and only if the mapping vr^ is an order isomorphism for each b E B. 

Now let o be a tj-stable simple head type and let V be an A-family of algebraic 
posets. For a E A let Ua = K(V^) be the set of algebraic elements Va, considered 
as a subposet of Va- By Proposition 15 . 1 .31 there then exists a [/-minimal intrinsic 
ordered o-algebra {Y,q). Now by Proposition I4.3.b1 Vr, is an initial completion of 
Ua for each a E A, and hence there exists an initial completion (X, p) of {Y,q) 
with Xa = Va for each a E A. Thus by Lemmas 15.2.21 and 15.2.31 (X, p) is an 
intrinsic continuous o-algebra, and by definition (X, p) is bound to V. Moreover, 
by Proposition 14.3.61 X is a family of algebraic posets. 

Proposition 5.2.2 (X, p) is an initial object in the full subcategory of continuous 
o-algebras bound to V . In fact (X, p) is intrinsically free: For each continuous 
o-algebra {X',p') and each family t : V ^ X|'^ of bottomed continuous mappings 
there exists a unique continuous homomorphism it : {X,p) — >■ {X',p') such that 

TTjA = T. 
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Proof Let t' : U ^ be the restriction of r to U. Then r' is a family 
of bottomed monotone mappings and hence by Proposition 15.1.31 there exists a 
unique ordered homomorphism g : {Y,q) —>■ {X',p') such that = r'. Now 
by Proposition 14.3.21 ((1) =^ (2)) the monotone mapping Qf, : Yb ^ extends 
uniquely to a continuous mapping iTh '■ Xf, ^ X'^ and tt is a homomorphism from 
(X,p) to {X\p'): Let A; G /sT; Proposition 11231 implies that vr'^" : X'^' ^ [X'f^ 
is continuous, and so vr^^ o and p'^, o vr'^" are both continuous mappings from 
X*^' to X[ with 

(vTfc, op,)(i;) = 7rfc,(pfc(i;)) = QkMk{v)) = = p',(7r*^')(t;) = {p', o n''" ) (v) 

for all f G Y''" . Hence by Lemma 14.3.11 tt^^ o Pk = p'k ° ^'^''j since X'''^ is a 
completion of y'^^, i.e., n : (X, p) {X',p') is a continuous homomorphism, and 
clearly 71\a = t, since is the unique continuous extension of for each a & A. 
Finally, if vr and vr' are continuous homomorphisms from {X,p) to (X',p') with 
= T = 7r|^ th en by Lemma [3.1.31 Hhiy) = i^'^iy) for all y &Yb, b E B, and so 
by Lemma 14.3.11 tt = it'. □ 



Chapter 6 
Polymorphism 



This chapter deals with polymorphism as it appears in all modern functional 
programming languages. In order to make things simpler our approach is a bit 
more restrictive than that allowed in languages such as Haskell or ML. However, 
this does not really impose any restrictions on what one (as programmer) can 
actually do. 

6.1 Algebras in categories 

As always let A = {B, K, B) be a signature with parameter set A. In Chapter [2] 
A-algebras were introduced as pairs {X,p) with X a 5-family of sets and p 
an appropriate K-fami\j of mappings. Then in Chapter [3] bottomed A-algebras 
{X, p) were considered; the family X is then a 5-family of bottomed sets. Finally, 
in Chapter O ordered and continuous A-algebras were introduced with a S-family 
of posets (resp. complete posets) and a i^'-family of monotone (resp. continuous) 
mappings. 

In order to emphasise what is common in all these cases it is worth formulating 
what it means for an algebra to be defined in a category. The resulting formalism 
is here little more than abstract nonsense, but it will play a useful role in the rest 
of the chapter. 

In what follows let C be a category (as defined in Section [?!T]) . The objects of C 
will be denoted by C and the class of all morphisms by Ai, i.e., is the union 
of all the sets Hom(A:, Y),X,Y eC. 

If S* is a set and : S ^ M. is an S'-family of morphisms then if : X ^ Y 
will be written to indicate that X and Y are the S'-families of objects such 
that (fis £ Hom(Xs, Ys) for each s & S. li ip : Y ^ Z a further S'-family of 
morphisms then the S'-family of composed morphisms will be denoted hj ip o ip^ 
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thus ip o ip : X ^ Z is the S'-family of morphisms with {%l)oip)g = ipgocpg for each 
s G S. 

If 5 is a class then the class of all finite families of elements from S will be 
denoted by J-'{S). Note that if S is an arbitrary set and X : S* — » 5 an S'-family 
of elements from S then X o 7 g J-'{S) for each finite 5'-typing 7 G T{S). 

The category C together with mappings ® : ^(C) C and ® : J^{M.) — > M. will 
be called a ^-category if the following conditions hold: 

— G Hom((g)X, whenever G J'(A<) with : X ^ F. 

— (®^?) o ((g)7r) = ®{g o vr) whenever tt, ^ G ^(A^) with tt : X ^ F and 
^ : F ^ Z. 

— ®id = id,g,x for each X G ^(C), with id : X ^ X the family of identity 
morphisms. 

The object 0X should be thought of as the product of the objects in the family 
X and the morphism ®(f as the product of the morphisms in the family ip. 
However, in general no assumptions will placed on the mappings to justify this 
interpretation. 

The categories Sets, BSets, Resets, CPosets and APosets are all ^-categories: In 
each case ® : ^{C) —* C is defined as in Section [2TT] or Chapter [Hand if : X — >■ F 
is a finite S'-family of morphisms then ®<y5 : (S>X ®F is defined by 

'S)(p{v){s) = (fsivis)) 

for each v G ®X, s G S', noting that in all of these cases a morphism is a 
mapping between the underlying sets. The conditions imposed on the mapping 
® : J^{Ai) M. thus follow from Lemma 2.1. 

In what follows let C be a (g>-category. If S' is a set and X : S' — > C an S'-family 
of objects then for each finite S'-typing 7 the object ®{X o 7) will be denoted 
by X'^. In the same way, if tt : S ^ is an S'-family of morphisms then the 
morphism ®(7r o 7) will be denoted by tt'''. Note that this notation agrees with 
that already being employed in the categories listed above. 

Lemma 6.1.1 (1) Let X : S ^ C be an S-family of objects and id : X ^ X 
the S-family of identity morphisms. Then id'*' : X"^ — > X"' is also the identity 
morphism for each finite S -typing 7. 

(2) Let X,Y,Z:S-^Cbe S -families of objects and let ip : X —* Y and 
ip : Y ^ Z be S -families of morphisms. Then {ip o ipy = ^ip'^ o ip'^ for each finite 
S -typing 7. 

(3) Let X , Y : S ^ C be S -families of objects and let (p : X ^ Y be an S-family 
of morphisms. If fs G }lom{Xs,Ys) is an isomorphism for each s G S' then for 
each finite S-typing 7 the morphism ip"' is an isomorphism and (v^'^)^^ = {ip'^)^ , 
where (p~^ is the S-family of morphisms with {ip~^)s = {fs)~^ for each s G S'. 
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Proof (1) This follows since id o 7 : X'^ X"' is a family of identity morphisms 
and hence id'^ = (8>(id o 7) = idxi- 

(2) It is easy to see that (?/' o (^) o 7 = (t/) o 7) o (y? o 7) holds (exactly as in 
Lemma I2.1.2p and therefore 

('?/' O = O (p) O 7) = O 7) O O 7)) = O 7) O ®{(p O 7) =■?/)'>' O (yj'*' . 

(3) By (1) and (2) [if"') o {ip~^)"' and {'^~^)"' o [ip'^) are identity morphisms, hence 
the morphism ip'^ is an isomorphism and (v^'^)^^ = (v?"^)'^- □ 

Now a pair (X, p) will be called a A{C)-algebra if X : i? — C is a 5-family of 
objects and p : K ^ 7V1 a i^-family of morphisms such that pk G Hom(X'' , X^^) 
for each k ^ K. (The mapping ® : J-'{A4) A4 is not involved in this definition; 
it is only needed in the definition of a homomorphism between A(C)-algebras to 
be given below.) 

In particular, a A(BSets)-algebra is thus nothing but a bottomed A-algebra, a 
A(Posets)-algebra is an ordered A-algebra and a A(CPosets)-algebra is just a 
continuous A-algebra. 

In order to deal with homomorphisms between A(C)-algebras it is necessary to 
introduce a restricted class of morphisms. This is because in all the cases being 
considered, with the exception of the original set-up in Chapter [2l the mappings 
occurring in homomorphisms are required to be bottomed. Thus in what follows 
let C be a subcategory of C having the same objects as C. For each X, Y E C the 
set of morphisms from X to F in C will be denoted by Hom'(X, Y), and the class 
of all such morphisms will be denoted by Ai'. In all the categories listed above, 
with the exception of Sets, the morphisms in A4' will be the bottomed morphisms 
in A^; in Sets there is no restriction, and so here Ai' = A4, i.e., C = C. 

Let (X, p) and {Y,q) be A(C)-algebras. A 5-family tt : X ^ F of morphisms 
from At' will be called a C -homomorphism from (X, p) to {Y,q) if 

qk O TC'''' = TTfc^ o Pk 

for each k E K. This fact will also be expressed by saying that vr : (X, p) {Y, q) 
is a C'-homomorphism. 

Proposition 6.1.1 (1) The B-family of identity morphism id : X X defines 
a C'-homomorphism from a A{C)-algebra (X,p) to itself. 

(2) If TT : {X,p) {Y,q) and g : {Y,q) {Z,r) are C -homomorphisms then the 
composition g o n is a C -homomorphism from (X, p) to {Z,r). 

(3) If Ti : (X, p) (Xa) is a C'-homomorphism and vTb G IIom'(Xb,Yfe) is an 
isomorphism for each b E B then the B-family tt^^ of inverse morphisms is a 
C'-homomorphism from {Y,q) to {X,p). 
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Proof (1) This follows immediately from Lemma [6. 1.11 (1), since for each k E K 
Pk o id'"" =pkO idxko =Pk = idfe^ o pk . 

(2) Let k E K; then by Lemma [gXTl (2) 

rfc o o tt)'"'' = rk o g''" o vr'''' = o o vr''" = o vr^^ o p/,, = o vr)^^ o 

and hence o vr is a C'-homomorphism from {X,p) to (2', r). 

(3) Let k E K. Then o vr'^'^ = tt^^ o pk, and therefore by Lemma 16.1.11 (3) it 
follows that Pk o (n^^)'''^ = Pk ° (n''^)^^ = Ttk^ o qk, which implies that n^^ is a 
C'-homomorphism from {Y,q) to (X, p). □ 

Denote by A(C) the class of all A(C)-algebras. Proposition 16 . 1 . 11 implies there is a 
category having A(C) as objects and C'-homomorphisms between A(C)-algebras 
as morphisms; this category will be denoted by A(C, C). In the situations we 
have been considering there is then given some full subcategory H of A(C, C): 
For example, the main results in Chapters [3] and [5] involve a t]-stable simple head 
type o, and in this case the objects of H consist of the o-algebras. 

Now for an open signature the interest is mainly in algebras bound to a given 
^-family of objects: l{V:A^Cis such an A-family then a A(C)-algebra {X,p) 
is said to be bound to V if X\a = V. If (A, p) and (Y,q) are A(C)-algebras 
bound to V then a C'-homomorphism vr : (A, p) {Y, q) is said to fix V if 
TTa = idjfa for each a E A. Clearly the family of identity morphisms fixes V and 
the composition of two C'-homomorphisms fixing V is again a C'-homomorphism 
fixing V. For each A-family V : A ^ C there is thus a category whose objects are 
A(C)-algebras bound to V and whose morphisms are C'-homomorphisms fixing V. 
In this category there is again the full subcategory whose objects are, in addition, 
objects of H. Note that the constructions in the previous chapters produce initial 
(and even intrinsically free) objects in these subcategories, and in each case it 
was possible to characterize what it means to be initial. 

If H is a full subcategory of A(C, C) then a A(C)-algebra is called an H-algebra if 
it is an object of H. Moreover, H is said to possess intrinsically free objects if for 
each A-family V : A C there exists an intrinsically free H-algebra (A, p) bound 
to V, this meaning that (A,p) is an H-algebra bound to V such that for each 
H-algebra {Y, q) and each A-family t : V —>■ Y\a of C'-morphisms there exists a 
unique C'-homomorphism vr : (A, p) — > {Y,q) such that tt\a = t- 

We have the following three examples of a full subcategory H which possesses 
intrinsically free objects, in each case with o a t]-stable simple head type and with 
C defined by requiring the morphisms to be bottomed: 
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— C = BSets with the objects of H the bottomed o-algebras. 

— C = Posets with the objects of H the ordered o-algebras. 

— C = APosets with the objects of H the continuous o-algebras. 

(These statements follow from Propositions 13.3.^ 15.1.31 and 15.2.21 ) 

Recall that if F is a non-empty set and Aj = {Bi, Ki, 0j) is a signature for each 
i & F then A is said to be the disjoint union of the signatures A,, i e F, if the 
following conditions hold: 

(1) Bi nBi = and KinKi = whenever i ^ j. 

(2) B = [j^^pB,andK = [j,^pK,. 

(3) e,(A;) = e(A;) for all k e Ki, i e F. 

In particular, if Ai is the parameter set of Aj for each i E F then A = [Ji^p Ai is 
the parameter set of A. 

In what follows let A be the disjoint union of the signatures Aj, i E F. If (A*,p*) 
is a A.j(C)-algebra for each i E F then a A(C)-algebra {X,p) can be defined by 
putting Xf, = XI for each b E Bi and pk = pi. for each k E Ki. {X,p) will 
be called the sum of the Aj(C)-algebras {X\p^), i E F, and will be denoted by 
©igi?(X\p*). The converse also holds: 

Lemma 6.1.2 Let {X,p) be a A{C)-algebra and for each i E F put X^ = Xj^. 
and p"^ = p\Ki- Then {X\p'') is a Ai{C)-algebra and {X,p) = ©jgi?(X*,p*). 

Proof Straightforward. □ 

Lemma 6.1.3 For each i E F let {X\p'), g*) he Ai(C) -algebras and let 
TT* : A* — > be a family of morphisms. Let vr be the B-family of morphisms with 
TTfe = 7^1 for each b E Bi. Then vr* : (X*,p*) {Y^,q^) is a C -homomorphism for 
each i E F if and only if n : Q)ieF{X\p^) ©jgi?(F*,g*) is a C -homomorphism. 

Proof Straightforward. □ 

For each i e F let Hj be a full subcategory of Aj(C, C). Then by Lemma [6. 1.21 a 
full subcategory H of A(C, C) can be defined by stipulating {X,p) = Q)i(zF{X\p'^) 
to be an object of H if and only if (A*,p*) is an Hj-algebra for each i E F. H will 
be called the sum of the subcategories Hj, i E F, and will be denoted by ©jg^Hj. 
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Proposition 6.1.2 Let V : A —>■ C be a family of objects and for each i E F 
let be an intrinsically free Hi-algebra bound to V\ with V : Ai ^ C the 

restriction ofV to Ai. Then ©jgi?(X*,p*) is an intrinsically free H-algebra bound 
to V. 

Proof This follows immediately from Lemma 16.1. 3[ □ 

If Hj possesses intrinsically free objects for each i E F then Proposition 16.1.21 
implies in particular that (Buzp^i also possesses intrinsically free objects. 

Consider for a moment a head type {H, o) for the signature A. By Lemma [2.2.11 
o) = (Bi£F{H^ , o^) , where = H^]^- and o* = <>\Ki ^ot each i E F, and clearly 
(if*, o*) is a head type for the signature Aj. Moreover, o is a t]-stable simple head 
type if and only if each o* is a t]-stable simple head type. 

Lemma 6.1.4 Let o be a \\-stable simple head type. 

(1) If C = BSets and the objects of Hi are the bottomed o^- algebras for each i E F 
then the objects of (Bi^pHi are the bottomed o- algebras. 

(2) If C = Resets and the objects of Hi are the ordered o'^ -algebras for each i E F 
then the objects of (Bi^pHi are the ordered o- algebras. 

(3) If C = APosets and the objects of Hi are the continuous o'^ -algebras for each 
i E F then the objects o/©jgi?Hj are the continuous o-algebras. 

Proof These also follow immediately from Lemma [6.1.31 □ 

For the rest of the chapter we work with the set-up introduced above. This means 
that the following are given: 

— A (8)-category C with objects C and morphisms M.. 

— A subcategory C of C having the same objects as C. 

There is then the category A(C, C) whose objects A(C) are the A(C)-algebras and 
whose morphisms are the C'-homomorphisms between A(C)-algebras. 
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In what follows let T be a fixed set (which could well be empty), whose elements 
will be referred to as type variables. The aim of this section is to define a new 
signature A = (B, K, ©) to be called the polymorphic signature associated with 
A and the type variables T. The elements in B are called polymorphic types, and 
those in K polymorphic operator names. 

To get an idea of what this is all about consider the second representation of 
the signature A in Example 6.2.1. This corresponds more-or-less to that used in 
most functional programming languages in that each type in 5 \ A is augmented 
with the parameters (i.e., the elements of A) on which it depends. A bit more 
precisely, this means that each type in B\A must contain all of the parameters 
occurring on the 'right-hand side' of the 'equation' specifying it. 



Example 6.2.1 Recall the signature A = {B,K,Q) with parameter set 
A = {x, y, z} from Example 12.21 3. This signature can be represented 
(using the conventions introduced in Example 12.21 2) in the form 

bool ::= True | False 

atom ::= Atom 

int ::=■■■ -2 | - 1 | | 1 | 2 ■ ■ ■ 

pair ::= Pair x y 

list ::= Nil | Cons z list 

Ip ::= L list | P pair 

An augmented form of this representation, in which the types pair, list 
and Ip are provided with parameters from the set A, is the following: 

bool ::= True | False 

atom ::= Atom 

int ::= ■ • ■ -2 | - 1 | | 1 | 2 ■ • • 

pair X y ::= Pair x y 

list z ::= Nil | Cons z (list z) 

Ip X y z ::= L (list z) | P (pair x y) 



The process of adding parameters to the types in the general signature A leads 
to the notion of a support. Denote by Vo{A) the set of all finite subsets of A. A 
mapping [-J : S — > Vo{A) is called a support for A if [aj = {a} for each a & A 
and \_k^ri\ C [/coj for all rj G {k^) for each k & K. In general it is possible that 
no support exists. However, this problem does not arise if A is finite, since then 
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the mapping ['J* : ^ ^o(^) with [b\* = A for each b E B\A and [a\* = {a} 
for each a E A is a support (and thus the maximal support). 

Lemma 6.2.1 If there exists a support for A then there exists a minimal support, 
i.e., a support [-1° such that [b\° C |_6J for all b & B for each support [■ \. 

Proof Define : B ^ VdA) by for each beB letting 

[b\" = {a E A : a E [6] for every support [-J} . 
Then [-J" is clearly a support, and thus the minimal support for A. □ 



Example 6.2.2 For the signature A in Example 6.2.1 the minimal support 
is the mapping [-J : B ^ ^o(^) defined by 

[pairj = {x,y}, [listj = {z}, [ipj = {x,y,z}, 

LxJ = {x}, LyJ = {y}, W = {^1, 

\b\ — for all 6 e S \ {pair, list, Ip, x, y, z}. 



In all practical applications A will be finite and the minimal support is almost 
always the natural choice to make. However, it is convenient to work first with a 
general support. Let [-J : S — > Voi^A) be a support for A, which is considered to 
be fixed for the rest of the chapter. It should be emphasised that the constructions 
that follow all depend on the choice of [-J . 

We start by giving a somewhat informal description of the polymorphic signature 
A = (B, K, 0). For this is it is convenient to write each element b E B \ A in 
the form 6 ai ■ ■ ■ a„, where ai, . . . , a„ is some fixed enumeration of the elements 
in the set |_6J . With this device the sets B and K can be thought of as being 
defined by the following rules: 

(1) Each type variable t G T is an element of B. 

(2) If 6 oi • • • a„ e -B \ ^4 and bi, . . . , b„ e B then 6 bi • • • b„ is an element of 
B. 

(3) Each element of B can be obtained in a unique way using (1) and (2). 

(4) \i k E K and with k<i = b ai ■ ■ ■ am and bi, . . . , b^ E B then A; bi ■ ■ ■ b^ is 
an element of K. 

(5) Each element of K can be obtained in a unique way using (4). 
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The mapping : K ^ ^(B) x B is defined as follows: Let k G K; then k has a 
unique representation of the form k hi - ■ - hm with k E K and bi, . . . , € B, 
where m is the number of elements in the set [/c<ij. Now define = 0<(k) to 
be the element k^ bi ■ ■ ■ hm of B and define k'^ = 0'^(k) to be the typing with 
(k'^) = {k'^) and with k"^ : {k'^) —>■ B given by h^rj = k^rj b^ i ■ ■ ■ b^_„ for each 
r] e (/c^), where b^ i ■ ■ ■ b^ „^ are those elements from bi ■ ■ ■ b^ which are indexed 
by the elements of the subset \}v'ri\ of \_k^\ (and note that a support is defined 
so that \_k^'q\ C \_k^\ for each rj G {k^))- Example 6.2.3 on the following page 
illustrates theses definitions. 

The definition of the signature A must now be made precise, and we first define 
B. Recall that if X and Y are sets then denotes the set of all mappings from 
X to y, and if a : X ^ F is a mapping and J a set then a'^ denotes the mapping 
from X'' to defined by a^{v) = aov for all v G X'' . 

Suppose y is a set which is going to be a candidate for the set of polymorphic 
types. Then for each h E B \ A a, mapping qi, : Y^'^^ ^ Y must also be given 
such that qb{u) is the new type h u{ai) ■ ■ ■u{an) for each u G Y^^K Such a pair 
{Y, q) consisting of a set Y and a corresponding B\AA&mi\Y of mappings q will 
be called a set of polymorphic types. If (F, q) and {Y\ q') are sets of polymorphic 
types then a mapping vr : y — > is called a homomorphism if vr o = o tt 
for each h B \ A. The identity mapping is clearly a homomorphism and the 
composition of two homomorphisms is again a homomorphism. A homomorphism 
TT : y ^ y is an isomorphism if there exists a homomorphism tt' -.Y' ^Y such 
that tt' o TT = idy and tt o tt' = idy/. It is easy to see that a homomorphism is an 
isomorphism if and only if it is a bijection. 

A set of polymorphic types (y, q) is said to be T-free if T C F and for each set 
of polymorphic types {Y', q') and for each mapping w : T Y' there exists a 
unique homomorphism vr : (F, q) —>■ {Y', q') such that 7r(t) = w{t) for each t E T. 

Lemma 6.2.2 There exists a T-free set of polymorphic types {Y,q). Moreover, 
if {Y', q') is a further T-free set of polymorphic types then there is a unique 
isomorphism vr : (F, q) (F', q') such that n{t) = t for each t E T. 

Proof Let H be the single-sorted signature {B \ A, [-J); then there is obviously 
a one-to-one correspondence between sets of polymorphic types and S-algebras. 
Moreover, a homomorphism between sets of polymorphic types is the same as a 
H-homomorphism. From these facts it follows that a T-free S-algebra (with the 
set T considered as a I-family of sets in the obvious way) corresponds exactly to 
a T-free set of polymorphic types, and therefore Proposition 12.5.21 implies there 
exists a T-free set of polymorphic types. The uniqueness holds trivially from the 
definition of being T-free. □ 
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Example 6.2.3 Let A = {B,K,Q) be the signature in Example 6.2.1 
considered the with the minimal support. As in Example 6.2.1 the types 
pair, list and Ip will be written as pair x y, list z and Ip x y z. The 
set of polymorphic types B is obtained by the following rules: 

(1) Each type variable i e T is an element of B, 

(2) bool, atom and int are elements of B, 

(3) pair bi b2 is an element of B for all bi, b2 G B. 

(4) list b is an element of B for all b G B. 

(5) Ip bi b2 bs is an element of B for all bi, b2, G B. 

(6) Each element of B can be obtained in a unique way using (1), (2), 
(3), (4) and (5). 

Let V be a type variable. Examples of elements of B are thus: 
list V, pair atom int, list (pair v bool), 
pair atom (list int), pair (list bool) (list v). 

The set of polymorphic operator names K is obtained by the rules: 

(1) True, False and Atom are elements of K. 

(2) n is an element of K for each n G Z. 

(3) Pair bi b2 is an element of K for all bi, b2 G K. 

(4) Nil b and Cons b are elements of K for all b G K. 

(5) L bi b2 bs, P bi b2 b3 G K for aU bi, b2, G B. 

(6) Each element of K can be obtained in a unique way using (1), (2), 
(3), (4) and (5). 

Examples of elements of K are: 

Nil (pair v v). Cons (pair v bool), Pair (list v) int. 
Pair atom (list int), L (list bool) (list v) (pair v v). 

In the signature A = (B, K, 0) the types of the elements of K are: 
True and False have type s — > bool. Atom has type e atom, 
n has type e — > int for each n G Z. 
Pair bi b2 has type bi b2 — > pair bi b2. 
Nil b has type e — > list b. 
Cons b has type b (list b) — > list b, 
L bi b2 ba has type list Ip bi b2 h^, 

P bi b2 bs has type pair bi b2 Ip bi b2 h^]. 

The element P atom (list v) (pair v int) thus has the type 
pair atom (list v) — > Ip atom (list v) (pair v int). 



6.2 The polymorphic signature 



104 



Let us fix a T-free set of polymorphic types (B, Because of the uniqueness (up 
to isomorphism) in Lemma [6.2.21 this will be referred to as the set of polymorphic 
types. The next lemma shows that (B, 7^) does have the properties corresponding 
to the rules making up the informal definition. 

Lemma 6.2.3 The set of polymorphic types (B, ^) has the following properties: 

(1) T CB and cB\T for each heB\A. 

(2) For each b G B \ T there exists a unique b E B \ A and a unique element 
M e BL^'J such that b = 

(3) The only subset of B containing T and invariant under the mappings #6, 
be B\A, isB itself 

Proof This follows from Proposition 12.5.31 and the equivalence of T-free sets of 
polymorphic types and T-free S-algebras. □ 

The set B will certainly be non-empty if T 7^ (since T C B). Moreover, it will 
also be non-empty provided there is at least one type in B \ A which does not 
depend on any parameters: 

Lemma 6.2.4 // there exists b E B \A with [b\ = then B ^ 0. 
Proof Here B^^J = B^ = I and hence #b{e) G B. □ 

The hypothesis in Lemma 16.2.41 will be satisfied by any signature containing the 
type bool (for any natural choice of the support). Let us now assume that B 7^ 0. 

We next turn to the definition of K. Suppose Z is a set which is going to be a 
candidate for the set of polymorphic operator names. For each k E K a. mapping 
Tfc : bL^*"-! — Z must then also be given such that rk{u) is the new operator 
name k u{ai) ■ ■ ■ u(a„) for each u eB^^K Such a pair {Z, r) consisting of a set Z 
and a corresponding i^-family of mappings r will be called a set of polymorphic 
operator names. If {Z,r) and {Z',r') are sets of polymorphic operator names 
then a mapping g : Z ^ Z' is called a homomorphism if p o = for all 
k E K. It is clear that the identity mapping id^ : Z — Z is a homomorphism 
and that the composition of two homomorphisms is again a homomorphism. A 
homomorphism q : Z ^ Z' is a.n isomorphism if there exists a homomorphism 
g' : Z' ^ Z such that q' o Q = idz and Q o g' = idz'. It is easy to see that a 
homomorphism is an isomorphism if and only if it is a bijection. 

A set of polymorphic operator names {Z,r) is said to be initial if for each set of 
polymorphic operator names {Z', r') there is a unique homomorphism from {Z, r) 
to iZ',r'). 
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Lemma 6.2.5 There exists an initial set of polymorphic operator names. 

Proof An initial set of polymorphic operator names {Z, r) can be constructed 
explicitly by just taking Z to be the disjoint union of the sets BL'^"'-', k & K, and 
letting Tk : BL^'^'J ^ Z he the inclusion mapping for each k E K. It is then easy 
to check that {Z,r) is initial. (The reader is left to show that, alternatively, an 
initial set of polymorphic operator names can be obtained via a B-free algebra 
for an appropriate signature involving two types.) □ 

Proposition 12. 1 . 2l implies that any two initial sets of polymorphic operator names 
are isomorphic. 

Now fix an initial set of polymorphic operator names (K, 7^'). Because of the 
uniqueness (up to isomorphism) this will be referred to as the set of polymorphic 
operator names. The next lemma shows that (K, 7^') does have the properties 
corresponding to the rules making up the informal definition. 

Lemma 6.2.6 For each k G K there exists a unique k & K and a unique element 
u e BL'^^J such that k = #;(«). 

Proof This clearly holds for the particular initial set of polymorphic operator 
names given in the proof of Lemma 16. 2. 5^ and so it must also hold for any initial 
set of polymorphic operator names. □ 

It remains to define the mapping : K ^ ^(B) x B. Before doing this, however, 
it is convenient to introduce two new families of mappings which reorganise the 
information contained in the families ^ and If C C -D C A and / : B*^ Z 
is a mapping then, in order to increase the legibility, we just write f{u) instead 
of f{u\c) for each u G B^. For each u G B^ let : 5 \ A B be the mapping 
given by b„(6) = #&(«) for each h & B\A and V^: K ^'K the mapping given by 
\>u{k) = ij^'j^iu) for each k & K (and of course ij^b{u) here really means applied 
to the restriction of u to |_6J and jj^'kiu) means applied to the restriction of u 
to [k^). 

Lemma 6.2.7 (1) Ifb,b'EB\A and u, v G B^ then \>u{b) = b^(6') if and only 
ifb = b' and = moreover, |J«gb-4 ^{K) = B \ T. 

(2) If k, k' e K and m, f G B^ then b^(A;) = Vy{k') if and only if k = k' and 
W|Lfc<J = ^ILfc<J/ moreover, [J^^^a '^{VJ = K. 

Proof This follows immediately from Lemmas 16.2.31 and 16.2.61 □ 

In particular. Lemma [6.2. 71 implies that \)u : B\A —>■ B and : K K. are both 
injective mappings for each u G B"^. 
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For what follows it is necessary to extend the mapping bu : 5 \ A — > B to a 
mapping b„ : -B — > B by putting bu(a) = u{a) for each a E A (but note that the 
statements in Lemma [6.2.71 (1) no longer hold for this extended mapping). 

Let B and C be classes; a mapping ip : B''^ is said to be B-compatible 

with [-J if Lp{u){h) = ip{y){h) whenever u{a) = v{a) for all a G [b\. Similarly, a 
mapping ip : B^ is said to be K -compatible with [-J if ip{u){k) = ip{y){k) 

whenever u{a) = v{a) for all a G [fcoj . The following result really just restates the 
fact that (B, is an initial set of polymorphic types and (K, is an initial set 
of polymorphic operator names, but using the mappings \)u, b^, u G B^, instead 
of the families # and 

Proposition 6.2.1 Let C be a class. 

(1) Let if : ^ be a mapping which is B-compatible with [-J and such that 
Lp{U){a) = U{a) for all U G , a E A; let (3 : T C. Then there exists a unique 
mapping ^ : B ^ C such that C|t = [3 and C o b„ = ip{C, o u) for all u G B^. 

(2) Let Ip : B^ — > be a mapping which is K-compatible with [-J; then there 
exists a unique mapping : K — > C such that C ° t*^ = for all u G B^. 

Proof (1) For each beB\A define : C^^J C by putting ab{U) = <p{U'){b), 
where [/' : A — > C is any extension of the mapping U : [b\ ^ C to A (and ab{U) 
does not depend on which extension is used because of the ^-compatibility with 
[■J). Then, except that C is a class, (C, a) would be a S-algebra, with S the 
single-sorted signature [B \ A, [-J), and as noted in the proof of Lemma I6.2.2[ 
(B, is a T-free S-algebra. Therefore by Proposition 12.5.51 there exists a 
unique S-homomorphism ( : (B, —>■ [C, a) with = j3. But ( being a 
S-homomorphism means that C, ° ihb = on, o C,^^^ for aX\ b & B \ A. Now let 
b E B \ A, u E B"^ and put u' = Then ( o u = (^{u) is an extension of 

CL^J(w') to A and so CiKib)) = C(#6(m')) = atJc^^^K)) = ^(C ° On the 

other hand, if a G A then C(t'w(«)) = ({u{a)) = {(ou){a) = ip{(ou){a) and hence 
C o\)^ = ip(^( o u) for all u G B"^. Conversely, if ^ : B — C is any mapping with 
^ o b„ = (p{^ o u) for all u G B"^ then it immediately follows that ^o^ft = ^6 o 
for all 6 G -B \ v4. This implies that ( is the unique mapping with (\t = (3 and 
C o bu = V9(C o u) for all u G B^. 

(2) For each k G K define : B'-'^^-I — > C by putting ak{u) = tjj{u'){k), where 
u' : A 'B is any extension of the mapping u : \_k^\ — * B to A (and ak{u) does 
not depend on which extension is used because of the i^'-compatibility with [-J). 
Then (C, a) would be a set of polymorphic operator names if C were a set (and not 
a class), and so there exists a unique mapping ^ : K — > C such that C ° i^'k — 
for each k & K. {C being a class is clearly not a problem here, since it is not 
a problem if the initial set of polymorphic operator names given in the proof of 
Lemma is used.) It follows that (Kik)) = C(#fcK)) = = '^iu){k) 



6.2 The polymorphic signature 



107 



for a\\ k E K, u E B^, where u' = 'U|[A:^j, and hence ( = i/j{u) for all u G B^. 
The uniqueness follows from the fact that Umsb-* ^(^«) = K!- ^ 

For u G B^ let b* : T{B) '?'(B) be the induced mapping given by b* (7) = \)u°'l 
for each 7 G T{B). 

Proposition 6.2.2 There exists a unique mapping : K '^(B) and a unique 
mapping ©,3 : K — * B such that ©^ o b^ = b* o 6^ and ©<, o b^ = b^ o 6<i for all 
u G B^. 

Proof These are both special cases of Proposition 16.2. 11 (2). 

To obtain the mapping ©'^ : K ^(B) consider the mapping ip : B"^ T(B)'^ 
given by ip{u){k) = b^ o /c'^ for all u G B"^, k E K. Let k E K and u, v E B"^ with 
M(a) = ■u(a) for all a G [k^\. lirj e (k^) with k'^r] e B\A then by Lemma \62J\ ( 1 ) 
'ip{u){k){ri) = \>u{k^'n) = ^vik^v) = V'('^)(^)('7)! since \_k^rj\ C [A;<|J. On the other 
hand, if k^rj G A then 

ilj{u){k){r,) = K{k^v) = uik^v) = vi^v) = Kik'^v) = Hv){k){r]) , 

since k'^r] G {k^t]} = \_k'^T]\ C [k^\. This shows that ip is -ft'-compatible with [-J 
and thus by Proposition 16. 2.11 (2) there exists a unique mapping ©'^ : K — »• T(B) 
such that ©^ o b; = ^{u) = b; o 6^ for all u G B^. 

To obtain the mapping ©<, : K ^ B define ip : B"^ — » B^ by ip{u){k) = \)u{k^) 
for all u G B^, k E K. By Lemma [6.2.71 (1) ip is fC-compatible with [-J and thus 
by Proposition 16.2.11 (2) there exists a unique mapping ©<] : K ^ B such that 
©^ o b;, = ^{u) = b„ o for all m G B^. □ 

Now put © = (©■*, ©<]). This completes the formal definition of the polymorphic 
signature A = (B,K, ©). Note that if m G B^, k e K and k = b^(A;) then by 
definition k<j = Kik^) and k'^ = b*(P) = b^ o P. 

Proposition 6.2.3 (1) Let b e B \ A and u G B^ and put b = b„(6). Then 
Kb = {b^(A;) : k G Kb} (and so in particular Kb 7^ 0, since Kb ^ 0). 

(2) $5(©<,) = B \ T, and thus T is the parameter set of A. 

Proof (1) Consider k G Kb, so k<] = b. By Lemma 16.2.71 (2) there exist 
k E K and v G B^ with k = b^(fc) and then b^(fc<]) = k<] = b = b„(6). 
Hence by Lemma [6.2.71 (1) k^ = b and f|[fc<,j = u\ik^\- Therefore k E K^ and 
by Lemma [6. 2. 71 (2) k = V^{k) = b^(A;). Conversely, let k e Kb and put k = b^(A;); 
then k^ = b and thus k<] = \)u{k<]) = b„(6) = b, i.e., k G Kb. This shows that 
Kb = {Kik) : k G Kb}. 
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(2) Let k G K; then by Lemma 16.2.71 (2) there exists k E K and u G B"^ such 
that k = b^(A;) and thus 

0,(k) = Q.iKik)) = Kie.m G Q{K) C B \ T . 

Conversely, if b G B \ T then by (1) Kb 7^ 0, and hence b G $5(0<i). □ 

Proposition 6.2.4 Let X : B C 5e a B-family of objects and p : K — > 

a K.-family of morphisms. Then the pair (X, p) is a A{C)-algebra if and only if 

(X o bt(, p o b^) is a A{C)-algebra for each u G B"^. 

Proof Let k e K, u e B^ and put k = \)'^{k). Then k^ = K{k^), k^ = b„ o k" 
and thus Xk^ = (X o bu)k, and X.^" = ®(X o k^) = ®(X o b„ o A;^) = (X o b„)^'. 
Hence Pk G Hom(X''', XkJ if and only if (p o VJ^ g Hom((X o b„)'=', (X o b„)fej 
and this, together with the fact that Umgb-^ ^(^m) — gives the result. □ 

Let (X, p) be a A(C)-algebra. Note then that for each u G B"^ the A(C)-algebra 
(X o b„, p o b^) is bound to the A-family of objects X o m. 

Proposition 6.2.5 Let (X, p) and (Y, q) be A.{C)- algebras and /e^ tt : X — > Y 

be a ^-family of morphisms . Then 7C is a C -homomorphism from (X, p) to (Y, q) 
if and only z/ vr o b„ is a C -homomorphism from (X o b^, p o b^) to (Y o b„, q o b^) 
for each u G B"^. 

Proof This is the same as the proof of Proposition 16.2.41 Let k E K, u & B"^ 

and put k = b^(A;). Then k<] = \>u{k^), k^ = b^ o k^ and thus vTk^ = (tt o \)u)k^ and 
TT^" = (g)(7r o k'^) = (g)(7r o b„ o k'^) = (vr o b„)'^'^. Hence qk o vr'^'^ = VTk^ o pk if and 
only if (q o b^)^ o (vr o b^)'^'^ = (vr o \)u)k^ ° (p ° b^)^ and this, together with the fact 
that UugB-* '^(^u) — gives the result. □ 

We end the section by explicitly constructing an initial term A-algebra. By 
Proposition 12.7.51 this just amounts to choosing a suitable locally injective term 
algebra specifier P' : K — f2 and a suitable family of enumerations i'j^. In fact 
there is a surprisingly simple way of making these choices, which will now be 
explained. 

This starts out as if the interest were in the signature A (and not A): For each 
k E K choose a bijective mapping ik from [rik] to the set {k'^), where of course 
rik is the cardinality of (k^)- Also fix a mapping T : K Q (which could also be 
thought of as a term algebra specifier). 

By Lemma 16.2.71 (2) there is a unique mapping uj : K. ^ K with o b^ = idx for 
each u G B"^. Moreover, u is surjective and for each k G K there exists u G B^ 
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such that k = b„(a;(k)). In particular (k'^) = (u;(k)'^) for each k G K (since if 
u e is such that k = b;(u;(k)) then k^ = ocj(kf ). Let T : K be given 
by r = r o cij. Then, since (k^) = (ci;(k)'^), a family of enumerations can be 
defined by letting = z^(k) for each k e K. 

Now let (-Eb, cik) be the term A-algebra specified by F and the family i^. This 
means that Ey, C ^l* for each b G B and the mapping Ok : E^" — > E^^ is given 
for each k G K by 

□k(«) = rKk))«(4(i)) ■■■ «(4K)) 

for each u G E^^ . Moreover, the family E^ can be regarded as being defined by 
the following rules: 

(1) If k G K with k'^ = e then the list consisting of the single component 
r(u;(k)) is an element of -Ek<,- 

(2) If k G K with k'^ ^ e and ej G -Eb, for j = 1, . . . , rik, where = 
then r(co'(k)) ei ■ ■ ■ is an element of Ey_^. 

(3) The only elements in Ey^ are those which can be obtained using (1) and (2). 
Lemma 6.2.8 IfT is locally injective then so is T. 

Proof Since = for each t G T it is enough to show that the restriction of T 
to Kb is injective for each b G B \ T. Thus consider b G B \ T and k, k' G Kb 
with r(k) = r(k'). Now by Lemma [6X7] (1) there exists be B\A and u G B^ 
such that b = \)u{b), and then by Proposition l6.2.3l (1) there exist k, k' G Ki, with 
k = V^{k) and k' = V^{k'). Therefore 

m = T{uj{VSk))) = r(k) = r(k') = T{uj{VSk'))) = T{k') 

and so k = k', since the restriction of F to Kh is injective. But this implies that 
k = k', i.e., the restriction of F to Kb is injective. □ 

Proposition 6.2.6 IfT is locally injective then {Eb, Dk) is an initial A-algebra. 



Proof This follows immediately from Proposition 12.7.51 and Lemma 16.2.81 □ 
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A mapping $ : — A(C) is said to be a parameterised A{C)-algebra if is a 
A(C)-algebra bound to V to each family V : A ^ C (and note that we write 
here instead of 

Of course, if A is closed (i.e., ii A = 0) then = I and hence a parameterised 
A(C)-algebra is then nothing but a single A(C)-algebra. The constructions in this 
section are thus really meant for open signatures. 

Let H be a full subcategory of A(C, C). A parameterised A(C)-algebra $ is said 
to be a parameterised H-algebra if $1/ is an H-algebra for each V E C"^ and then a 
parameterised H-algebra is said to be intrinsically free if is an intrinsically free 
H-algebra for each V E C^. Thus by definition there exists such a parameterised 
H-algebra if and only if H possesses intrinsically free objects, and in all the cases 
we are interested in this requirement is met. However, this is not the end of the 
story since there is an additional condition which needs to be satisfied and which 
has to do with how behaves as a function of V. How this condition arises 
and the problem of constructing parameterised algebras satisfying it is the topic 
to be discussed in the present section. 

Let $ be a parameterised A(C)-algebra with $ = {X,p); thus X : ^ and 
p : ^ M.^ ^ and we write (X^,p^) instead of (Xy,py) for the A(C)-algebra 
$y. Let [-J be a support for A. A parameterised A(C)-algebra $ : C"^ — A(C) is 
said to be compatible with [ ■ J if: 

(1) = X^ whenever K = for all a G [b\. 

(2) = pY whenever Va = Wa for all a G [A;<|J . 

Note that if a parameterised algebra is compatible with the minimal support then 
it is compatible with any support. 



Example 6.3.1 Let A = {B,K,Q) be the signature in Example 6.3.1 
considered the with the minimal support [-J . 

For each V : A ^ BSets denote by the bottomed A-algebra defined 
in Example I3.1[ 3 (and denoted there by {Y,q)); thus is bound to V. 
This gives a parameterised A(BSets)-algebra $ which is compatible with 



In what follows we will need parameterised algebras which are compatible with 
a given support [-J , and in general it is not even clear whether such an algebra 
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exists. In particular, there seems little hope of obtaining them using something 
like Proposition 13.3. H Proposition 15.1.31 or Proposition 15.2.21 The fact that a 
A(C)-algebra $y bound to V is unique up to an appropriate isomorphism for 
each V does not say anything about how $y behaves as a function of V. This 
suggests that, in order to obtain parameterised algebras compatible with [-J, it 
is necessary to give an absolutely explicit method of constructing certain classes 
of algebras. No doubt this is possible, but it would be rather involved. We thus 
prefer to take an easy way out, which at first sight seems somewhat restrictive, 
but turns out not to be so. 

The starting point for our approach is contained in the following trivial fact: 

Lemma 6.3.1 If A is finite then any parameterised K{C)-algehra $ : C"^ — > A(C) 
is compatible with the maximal support \_-\* '■ B T^o{A) (given by \b\* = A for 
each b E B\A and [aj* = {a} for each a E A). 

Proof Let $ = Let 6 G 5 and V, W e with K = Wa for all a G [6]*. 

lib e B\A then [b\* = A, thus V = W and hence = . On the other 
hand, if be A then [b\* = {b}, thus H = Wf, and again X^ = = Wb = X^ . 
This shows that (1) holds, and (2) follows in the same way, since if k e K then 
e B\A and so [k^\ * = A. □ 

The signature A will be called simple if A is finite and there is only one support 
for A (i.e., if the maximal support is also the minimal support). If A is simple 
then Lemma [6.3.11 says that any parameterised A(C)-algebra is compatible with 
the minimal support (and thus is compatible with any support). Of course, A 
will rarely be simple and so this fact cannot be applied directly. However, it can 
be applied indirectly whenever A is the disjoint union of simple signatures. 

In what follows suppose A is the disjoint union of the signatures Aj = (_Bj, Ki, 9^), 
i e F] thus A = [j-^pAi, with Ai the parameter set of Aj. For each z G F let 
: C"^' Aj(C) be a parameterised Aj(C)-algebra, and define $ : A(C) 
by putting $y = (BieF^v- for all V G C^, where Vi is the restriction of V to 
Ai. Thus $ is a parameterised A(C)-algebra, which will be called the sum of the 
parameterised algebras i E F, and will be denoted by (Biep^''- 

Proposition 6.3.1 // each of the signatures Aj, i E F, is simple then any sum 
©jei?$* of parameterised Ai{C)- algebras is compatible with the minimal support 
for A. 

Proof For each i G F let = {X\p^), let [-Jj be the unique support for Aj and 
define a mapping [-J : B "PoiA) by letting [b\ = [b\i for each b E Bf, then [-J 
is a support for A and it is clear that [-J is in fact the minimal support. Consider 
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b e B andV,W e with K = Wa for all a e [b\; let i be such that b e Bi. 
Then [b\i = [b\ and {V,)a = K, (W*)a = Wa for all a G L&Ji (since [b\i C A^). 
Thus = {X')l' = {X')^' = , because by Lemma EXH $^ is compatible 
with [-Jj. In the same way = pY whenever Va = Wa for all a G [A;<|J, and 
therefore the sum ©jgi?$* is compatible with [-J. □ 

Proposition 6.3.2 Let Hj be a full subcategory of Ai{C,C') which possesses in- 
trinsically free objects for each i & F and let H = (BieF^i- U each Aj is simple 
then there exists an intrinsically free parameterised H-algebra compatible with the 
minimal support for A . 

Proof There exists an intrinsically free parameterised Hj-algebra for each i & F 
and by Proposition 16.3.11 their sum is a parameterised A(C)-algebra which is 
compatible with the minimal support for A. Moreover, by Proposition 16 . 1 . 21 this 
sum is also H-intrinsically free. □ 

Let us now say that the signature A is semi-simple if it can be obtained as the 
disjoint union of simple signatures Aj, i G F. 

Proposition 6.3.3 Suppose the signature A is semi-simple. Then there exists 
an intrinsically free parameterised H-algebra compatible with the minimal support 
for A in each of the following three cases, in each case with o a \\-stable simple 
head type and with C the subcategory defined by requiring the morphisms to be 
bottomed: 

(1) C = BSets with the objects of H the bottomed o- algebras. 

(2) C = Resets with the objects of H the ordered o- algebras. 

(3) C = APosets with the objects of H the continuous o-algebras. 

Proof These follow immediately from Proposition 16.3.21 and Lemma 16.1.41 □ 

If A is semi-simple then the results of this section imply that in the cases we 
are interested in there exist initial parameterised H-algebras compatible with the 
minimal support for A. The problem is now, of course, that a typical open 
signature need not be semi-simple, and in fact this is the case with the signature 
in Example 12.21 3. However, it is always possible to replace a given signature 
with a semi-simple signature (with a larger parameter set) which is, in a certain 
sense, more general. This is illustrated in Example 6.3.2, where a semi-simple 
replacement for the signature in Example 12.21 3 is presented. (It is left for the 
reader to to work out how to make this replacement in the general case.) 



Example 6.3.2 Consider the signature A = [B, K, 0) with parameter set 
A = {x, y, z, u, v} given by 

B = {bool, atom, int, pair, list, Ip, x, y, z, u, v}, 

K = {True, False, Atom, Pair, Nil, Cons, L, P} U Int , 
and with Q : K ^ B* x B defined by 

e(True) = 0(False) = (£,bool), 

©(Atom) = (£, atom), 6(Pair) = (x y,pair), 

©(Nil) = {e, list), ©(Cons) = (z list, list), 

0(L) = (u,lp), 0(P) = (v,lp), 

0(n) = {e, int) for each n G Z, 
and which can be represented in the (augmented) form 
bool ::= True | False 
atom ::= Atom 

int -2 I - 1 | | 1 | 2 • • • 

(pair X y) ::= Pair x y 
(list z) Nil | Cons z (list z) 
(ip u v) L u I P V 
This signature A is easily seen to be semi-simple. 



6.4 Polymorphic algebras 

Recall once again we have fixed a support [-J : S — > Vo{A) for A and a set of 
type variables T. A T-free set of polymorphic types (B, ^) and an initial set 
of polymorphic operator names (K, #') were then fixed. We are assuming that 
B 7^ and so these objects give rise to the polymorphic signature A = (B, K, 0). 

If $ = (X, p) : A(C) is a parameterised A(C)-algebra then for each U e C'^, 

u e B^, the A(C)-algebra (X^ o b„, o V^) will be denoted by ° K- 

Proposition 6.4.1 Let $ : C"^ — > A(C) he a parameterised A{C) -algebra which 
is compatible with [-J. Then there exists a unique parameterised A{C)-algebra 
* = (X, p) : ^ A(C) such that 

with V^X.^oufor all U e , u e B^. 

Proof Define a mapping ip : ^ by (p{V){b) = for all V E C^, b e B, 
where $ = (X,p); thus in particular (p{V){b) = = V{a) for all V G C^, 
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a E A. Moreover, cp is 5-compatible with [-J , since $ is compatible with [-J . 
By Proposition 16.2.31 (1) there thus exists for each ?7 G C"^ a unique mapping 
: B ^ C with X^|t = U such that o = <^(X^ o u) for all u G B^. 
It then follows that X'^ o = with V = X^ o u for each u G B^, because 
ip{X.^ o u){h) = for each beB. 

Now for each U e C'^ define ■?/'^ : B^ ^ by i})^ {u){k) = pX for all u G B^, 
k E K, where V = X^ o u. Then ip^ is i^-compatible with [-J , since $ is 
compatible with [-J. By Proposition 16.2.31 (2) there thus exists a unique mapping 

-.K M such that o b^ = ijj^{u) for all u G B"^. Therefore p*^ o b^ = 
with = X^ o n for all u G B^. 

By Proposition EJH (X^,P^) is a A(C)-algebra for each U e and (X^,p^) 
is bound to U, since by definition X.^\t = U. A parameterised A(C)-algebra 
$ : ^ A(C) can thus be defined by letting = (X^, p^) for each U e 
and by construction °K = with V = X^ o u for all U G C^, u G B"^. The 
uniqueness follows from the uniqueness in Proposition 16.2.11 □ 

The parameterised A(C)-algebra ^> given in Proposition 16.4.11 will be called the 
polymorphic A{C)-algebra corresponding to the parameterised A(C)-algebra 

The final task is to show that the polymorphic algebra $ inherits the properties 
of $ which are needed in applications. In particular, it will be established that 
the A(C)-algebra is regular for each U G C"^ if the A(C)-algebra $y is regular 
for each V G C^. We will employ a set-up here (using what we call a reduction) 
which allows things to be formulated not just for a particular category such as 
BSets. 

Let D be a further category. A mapping A : Cq Co will be called a reduction 
from C to D if 

— Homc(X,F) C HomD(A(X), A(r)) for all objects X,Y e Cq, 

— fl' °c / = °D / for all / G IIomc(X, F), g G IIomc(F, Z) for all objects 

X,Y,Ze Cc, 

— the identity morphism in IIomc(X, X) is equal to the identity morphism in 
Homc'(A(X), A(X)) for each object X G Cc, 

(where the subscripts C and D indicate which category is involved). If D (as well 
as C) is a ^-category then a reduction A : Cc — Cd is called a ^-reduction if 
A(®X) = ®(A o X) for all X G J^(Cc). 

A reduction should be thought of as as an operation which forgets some of the 
structure. There are obvious ^-reductions from APosets and CPosets to Resets, 
from Posets to BSets and from BSets to Sets. These will be referred to as the 
standard ® -reductions. 

The category C together with a reduction from C to Sets is usually called a 
concrete category. 
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Lemma 6.4.1 Suppose D is a ^-category and A is a ^-reduction from C to D. 
Then (A o X,p) is a A{D)-algebra for each A{C)-algebra {X,p). Moreover, if 
{X, p) is bound to the family V : A ^ Cq then (A o X, p) is bound to the family 
AoV -.A^Cu. 

Proof Let k e K- then pk E Homc(X^', X^J C HomD(A(X'='), A(XfcJ) and 
thus pk G HomD((A o X)*^'^, (A o X)kJ, since 

(A o X)''" = (g)(A oXoe) = A((g)(X o e)) = A{X''") . 

This imphes (A o X,p) is a A(D)-algebra. The final statement is clear. □ 

The A(D)-algebra (A o X,p) in Lemma 16.4.11 will be denoted by A o [X,p). 
Lemma 16.4.11 allows some of the definitions introduced in the previous chapters 
to be reformulated in the following style: 

Let C be one of the categories APosets, CPosets and Resets and let A be the 
standard reduction from C to BSets. If {H, o) is a head type then a A(C)-algebra 
{X, p) was defined to be an (if, o)-algebra if the bottomed A-algebra A o (X, p) 
is an (if, o)-algebra. Moreover, if (X, p) is bound to the family V : A ^ C then 
(X, p) was defined to be \^-minimal if A o (X, p) is A o ^/-minimal. 

In the same way, let C be one of the categories APosets and CPosets and let A 
be the standard reduction from C to Posets (so in fact A is just the inclusion 
mapping). Then a A(C)-algebra (X, p) was defined to be intrinsic if the ordered 
A-algebra A o (X, p) is intrinsic. 

In what follows let $ = (X, p) be a parameterised A(C)-algebra compatible with 
[■J and let $ = (X, p) be the corresponding polymorphic A(C)-algebra. 

Proposition 6.4.2 Let A be a ^-reduction from C to BSets and suppose that 
A o (^y is a regular bottomed A-algebra for each V . Then A o is a regular 
bottomed A-algebra for each U. 

Proof Put A o X^ = X^ for each V" G and A o = for each U G C^. 
Let U G C^, b G B \ T and x G (X[^)''; it must then be shown that there exists 
a unique k G Kb and a unique v G dom(p^) such that x = p^{v). Now by 
Lemma [6.2.71 (2) there exists h E B\A and m G BL^-I with b = bu(6), and then by 
Proposition (1) Kb^= {V^k) ■ k G K^}. Let V = ou. Then X^ = X^ , 
which means also that X[^ = X^, and (p*^ o b^)^ = pX for each k G K},. But 
(X^,p^) is a regular bottomed A-algebra, h E B \ A and x G (X^)^ There 
thus exists a unique k E Kf, and a unique v G dom(p^) such that x = pl{v). 
Hence, putting k = b^(A;), it follows that k G Kb and x = p]^{v). Conversely, if 
X = p^/{v') with k' G Kb and v' G dom(p^,) then k' = b^(/c') for some k' G K^, 
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and so pl{v) = x = p'j^/iv') = p]^,{v'), which imphes that k' = k, thus also that 
k' = k, and that v' = v (since {X^ ,p^) is regular). This shows A o ^^ is a 
regular bottomed A-algebra. □ 

Let {H, o) be a simple head type for A (so Hb = T for each b & B); then a simple 
head type (H, o') for the signature A (so again Hb = T for each b G B) can 
be defined as follows: Recall that there is a unique mapping u : K. ^ K with 
u o\)'^ = idx for each u G B"^, and that (k'^) = {uj(kY) for each k G K. Consider 
k G K and put k = w(k); Then H^^' = T^^^'^ = T^'^'^ = H'"" and Hk, = T = Hk^, 
and so a mapping : H*^^ — > Hb can be defined by putting oJ^(t>) = Ofc(t>) for all 
V G H*^^. Thus in fact o' = o o cu. If o is t]-invariant (resp. tj-stable) then so is o'. 

Proposition 6.4.3 Let A be a ^-reduction from C to BSets and suppose that 
A o is a o-algebra for each V . Then A o is a o' -algebra for each U . 

Proof Put AoX^ = X^ for each G and AoX^ = for each [/ G C^. Let 
U E and k G K; by Lemma [6. 2. 71 (2) there exists k E K and u G B"^ such that 
k = b'^{k), and (k^) = (A;^). Let V = X^ou. Then X^ = X^ , (X^)''' = (X^)^', 
hence also X^ = X^ , (X^)^" = {X^)^\ and p^ = p^ . Therefore ^k, = 
(as mappings from X^ = X^ to Hk^ = Hk^) and e^" = e^" (as mappings from 
(XC/)k> ^ (x^)^" to H*^' = H^^). Moreover, = holds by definition. But 
^fc<i ° Pk = ° f^'^", because (X^,p^) is a o-algebra, and so ek< ° Pk = ° ^^'^ i 
which implies that A o is a o'-algebra. □ 

Proposition 6.4.4 Let A be a ^-reduction from C to Posets and suppose that 
A o $y is an intrinsic ordered A-algebra for each V. Then A o is an intrinsic 
ordered A-algebra for each U. 

Proof This is very similar to the proof of Proposition 16.4.21 and is left for the 
reader. □ 
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